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! Linear Classifier

N J (x,w,b) = sign(g(x))
= sign(w-x+b)

Just in case...

n
W-X = ZWX
i=1

w-x,+b=w-x,+b

w(x, —x,)=0
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! Distance to Hyperplane

g(x)=w-x+b

X =x"+Aw
g(x)=wx"+A-w)+b
=w-x+b+Aw-w

=Aw-w

M =[x = x'||=l] Aw ||
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Selection of Classifiers

Which classifier is the best?

All have the same training error.

How about generalization?




Unknown Samples

Classifier B divides the space more consistently (unbiased).
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Margins

Support Vectors Support Vectors




Margins

< The margin of a linear classifier is defined as the width that the

boundary could be increased by before hitting a data point.

< Intuitively, it is safer to choose a classifier with a larger margin.

< Wider buffer zone for mistakes

< The hyperplane is decided by only a few data points.
=  Support Vectors

= QOthers can be discarded!

% Select the classifier with the maximum margin.

= Linear Support Vector Machines (LSVM)

< How to specify the margin formally?




! Margins

/\ M=Margin Width
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! Objective Function

% Correctly classify all data points:

w-x, +b 21 if y, =+1

w-x, +b< -1 if y,=-1 >
y.(w-x,+b)—-120
% Maximize the margin:

max M = i = minlew
v 2

“» Quadratic Optimization Problem

= Minimize D(w) = %wtw

= Subject to yi(W'xi + b) > 1
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Lagrange Multipliers

1 [ [
Ly EE [w _Zaiyi(w'xi +b)+zai
i=1 i=1

ow

oL !
P=0=)> ay =0
ab ; lyl

1
LD = Zai _Ezaiajyiiji 'xj
i i,j

OL l
L=0=>w=) )X
i=1

1

= Zai _EaTHa where H; = y,y;x; X,

Subjectto:Zayl. =0 & o, 20
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Dual Problem

Quadratic problem again!




! Solutions of w & b

Support Vectors : Samples with positive

z
y(x,-w+b) =1 g(x)=) a,yx,-x+b
i=1
ys(zamymxm-xs+b):l T
mesS
ysz(z a y x x+b)=y inner product
mesS

b=y, —Zamymxm ‘X,

mesS

1
— b= 2 - 2@, x)

s seS§ mesS
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! An Example

X5 A

N @ (1,1, +1) Zaiyi:():al_azz()jal:az
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N H:{H“ H12}:|:y1y1x1'x1 y1y2x1'x2}:|:2 O}

a, \\\ R H21 H22 VoViXy o X; Vo VyXsy X, 0 0
O \ %
0,0, -1) .

= a
ZO[Z [al,az]H{ 1:| 2(11—0[12

=1

W= Z(Zylx = IxIx[L1]+1x(=1)x[0,0]=[L1] a =1, a,=1

b=—wx, +1=-2+1=-1
g(x)=wx+b=x,+x,-1 Moz




! Soft Margin

y.(wx; +b)—-1+& 20

D (w) =%wtw+ CZX;.
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! Soft Margin

cl; !

P_0=>w=) ayx

aw ; Iyi 1

ol !

sz:)ZaI.yI.:O
i=1

} Same as before

ob

oL,
a¢;

=O:>C=al-+,ui

Ly= %Hwﬂz + CZI: S~ Zl: olyw-x +b)-1+&]- i 1S,

1
LDEZ%_EQTH“ s1.0<0,<C and ) a,y=0
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! Non-linear SVMs




Feature Space
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Feature Space
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D(x) =

Y

Y
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Quadratic Basis Functions

Number of terms

Constant Terms

_ (m+2)(m+1) N m*

Linear Terms C?

m+2
2

Pure Quadratic Terms

Quadratic Cross-Terms
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! Calculation of ®(x;) P(x;)

®(a)- D(b) =

1
V2q,
V2a,

_\/Ebm—lbm _

-
J2b,
J2b,

X, x; = ®O(x;) D(x;)
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! It turns out...

m—1 m

D(a)- D(b) = 1+2Zab +Za2b2+z D 2a,abb,

i=1 j=i+l

(a-b+1)° =(a-b)2+2a-b+1=(za,. +2Zab +1

iiaba bj+22ab +1
=1 j=1

=17

Zm: (a.b,)’ +2Z Zaba D, +2Zab +1
i=1

i=1 j=i+l

K(a,b)=(a-b+1)" =D(a) - D(b)
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Kernel Trick

= The linear classifier relies on dot products x;-x;between vectors.

m If every data point is mapped into a high-dimensional space via some
transformation @: x — ¢(x), the dot product becomes: ¢(x;) ®(x))

m A kernel function is some function that corresponds to an inner product in

some expanded feature space: K(x;,x;) = @(x;)*@(x))

= Example: x=[x;,x,]; K(x;,X;) = (1+x7X;)?

K(x;,x;)=01+x, x) —1+xllx +2x11x]1x12x]2+x12x]2+2xi1xj1+2xi2xj2

=1 xlaflexzzaxzzafxlafxzz] [1 le’ijlszaszaijl’fx

=D(x;) - O(x;), where O(x)=[Lx, 9lex29x29fxlafx2 .
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! Kernels

Polynomial : K(x;,x;)=(x,-x; + )¢

g

[
Gaussian : K(x;,x ;) =exp| —

xl.—xj

20°
\ y,

Hyperbolic Tangent : K (x;, x;) = tanh(xx, - x, +¢)
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! String Kernel

% Calculate the similarity between text strings.

% The substring ‘c-a-r’ is present in both Car and Custard.
%+ Each substring corresponds to a dimension of the feature space.
ea et at ba bt exr ar b
dlcat) X2 X2 X2 0 0 0 0 O
dlcar) X2 0 0 0 0 X A 0
dbat) 0 0 A2 X2 X 0 0 0
Sbar) @ 0 0 X 0 0 Ax2 »

K(car,cat) =1
K(car,car) = K(cat, cat) =21" + A°
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! Solutions of w & b

!
w= Zaiy D(x,)
i=1

w: CD(XJ') :Zaiyz‘q)(xi)'q)(xj) :Zaiyz’K(xiaxj)

b= 30, 3 0005, B ) =30~ 3, K, 0)

[ l
g(x)zzaiyiK(xiax)+b ~— g(x):W'x+b:Zaiyixi'x+b
i=l i=1
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SVM Roadmap

Linear Classifier

Maximum Margin

Noise

_ “| have a dream — one day there
Nonlinear Problem will be a classifier that can
handle nonlinear problems ...”

a-b — ®(a) d(b)
High Computational Cost

Kernel Trick
K(a,b)=®(a) ®(b)




SVM Legend
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A training algorithm for optimal margin classifiers

=]
EREE
it it =1 3
nEEE
o R
[kl

SIS

Bernhard E Boser, |sabelle M Guyon, Viadimir N Vapnik

1992771

Proceedings of the fifth annual workshop on Computational leaming theary
144-152

ACM

Abstract A training algorithm that maximizes the margin between the training patterns and
the decision boundary is presented. The technique is applicable to a wide variety of the
classification functions, including Perceptrons, polynomials, and Radial Basis Functions.

The effective number of parameters is adjusted automatically to match the complexity of the
problem. The solution is expressed as a linear combination of supporting patterns. These

are the subset of training patterns that are closest to the decision boundary. Bounds on the ...

S| 7251
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! Decision Boundaries

Polynomial RBF ANN
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Model Capacity
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A straight line can classify (shatter) a certain set of 3 (not 4) points, regardless their labels. |
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Model Capacity

IIIIIII r--

regardless of their labels.

b
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A rectangle can classify (shatter) a certain set of 4 points




VC Dimension

< The VC dimension of a model M is h if there exists a set of (up to) h

points that can be shattered by M.
< The h value of a hyperplane in R" is n+1.
< The h value of DT is roughly the number of internal nodes.
< The h value of SVM depends on the kernel function in use.
< VC dimension is pessimistic: arbitrary assignment of labels.

< Real data sets: points with same labels tend to be close to each other.

h(log@2N / k) + 1) - log(n / 4)
N

T P Etest < Etmin +\/ = 1_n

N: Number of training samples
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http://www.kernel-machines.org/
http://www.support-vector-machines.org/

http://www.tristanfletcher.co.uk/SVM%20Explained.pdf

http://www.csie.ntu.edu.tw/~cjlin/libsvm/
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