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Introduction

A system of linear equations derived from the discretization of the
Navier-Stokes equation with mixed Dirichlet and Neumann boundary
conditions for pressure, or with non-uniform grid spacing, 1s a large
and sparse non-symmetric system of linear equations. The numeri-
cal solution of non-symmetric linear systems has often been solved
by using iterative methods such as the Bi-conjugate gradient stabi-
lized method (B1-CGStab) or the Generalized minimal residual method
(GMRES). The B1-CGStab 1s a good algorithm especially when the
available memory 1s relatively small in relation to the size of system
memory. Among the variations of the Bi-CGStab algorithm [2] pro-
posed by various researchers, the GPB1CGSafe algorithm proposed by
Fujino et al., has been proven to have very good convergence behav-
ior. In this poster, we describe our CUDA parallel implementation of
a solver of 3D Navier-Stokes equations using the GPB1CGSate algo-
rithm.

Numerical Solution

The Navier-Stokes Equations

1. The momentum equation
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2. The continuity equation

V-u=0, (2)

where u 1s the velocity vector field, p is the scalar pressure field, p is
the density and v 1s the kinematic viscosity coefficent of the fluid. In
this study, the density and kinematic viscosity coefficent are constants.
The Simplified MAC (SMAC) method [1] 1s used to find numerical
solutions of the governing equations. At each time step n, the next
velocity field @ 1! is computed as follows:

1. Computing an intermediate velocity vector field ™
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2. Solving the Poisson equation for the pressure correction term "1
and computing the scalar pressure field p"*!
ot
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3. Updating the velocity vector field @ ! by using the computed scalar
pressure field so as it satisfies the continuity equation
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Discretization of the above Poisson equation (4) leads to a very large,

sparse and banded linear equation system. This linear equation system
1s solved by using the GPB1CGSafe algorithm [2].

The GPBi1CGSafe Algorithm

Algorithm 1 The GPBi1CGSate Algorithm
1: x( 1is an initial guess, 7o = b — Axq;
2: Choose 7, such that (r;, o) # 0, 5_1 = 0;
2 p_1=u_1=2_1=0;
4. forn = 0,1, ... until ||ry]||/||ro|| < edo
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19: end for

The GPU Implementation

The GPB1CGSafe algorithm 1s implemented by using the following
basic operations:

e MV - matrix vector product

e DOT - inner product

e AXPBY - add a multiple of one vector to another
e COPY - copy one vector to another

e SCAL - scale a vector by a constant

These basic operations are implemented by using the Thrust parallel
algorithms library [4]. Figure 2 shows the representation of the MV
operation of a sparse banded matrix A with a vector b. Each band of
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an NV X N dimensional matrix A can be seen as an one-dimensional
array of length N which 1s stored in the global memory of a GPU. The
vectors b and the result vector Ab of dimension NV are also stored in
the global memory. Zeroes are appended or prepended to the bands
depending on the position of the band in the banded matrix A. Figure
2 (bottom) shows a process of multiplication of a tri-banded matrix A
with a vector b. Each band of the matrix A is appended or prepended
with zeroes corresponding the position of the band and then multiplied
with the vector b which 1s shifted to left or right similarly. The products
are summed to obtain the result vector Ab.
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Figure 1: The GPU representation of the banded matrix vector multiplication
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Results

Calculation Environment

e Intel(R) Xeon(R) CPU E5506 2.13GHz, 10 GB system memory
e NVIDIA Tesla C2050, CUDA 6.5

e NVIDIA’s CUDA Compiler (NVCC), GCC 4.4.7

e Compiler options: -O2 -arch=sm 20

e Time measured by the command cudaEventElapsedTime

e All computations carried out in double precision

Speed-up Ratios

We measured
Grid Size GPU Time CPU Time Speed-up the speed-

50x60x70 1260 ms 9355 ms 7.4 up ratios fpr
100x110x120 8079 ms 115283 ms 14.3 a 3D qus—
150x160x170 33032 ms 609519 ms 18.5 son equation

with Dirichlet
boundary con-
ditions on the

Table 1: Speed-ups (Poisson Equation)
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unit cube [0,1] x [0,1] x [0,1]: —V?u(z,y,2) = f(z,y,z), where
flx,y,2) = (@%y? + y°2% + 2%2%)sin(zyz). The discretization on
a non-uniform grid generates a large and sparse non-symmetric Sys-
tem of linear equations. The diagonal pre-conditioner was applied
to the GPB1CGSafe algorithm. The iteration was terminated when

[rnll/llroll < e=107"2.

Table (2)

Grid Size GPU Time CPU Time Speed-up shows the
50x60x70 98s 344 s 3.5 computation

100x110x120 562 s 5478 s 9.7 time dur-

150x160x170 2014 s 25462 s 12.6 ing first 10

time steps on

Table 2: Speed-ups (Navier-Stokes Equations) GPU and CPU

of the GP-

Bi1CGSafe based solver for Navier-Stokes equations with mixed
Dirichlet and Neumann boundary conditions.

Conclusions

We have presented the efficient GPU implementation of a 3D Navier-
Stokes solver using the GP- BiCGSafe algorithm. We have also intro-
duced a parallel way of multiplication of a sparse banded matrix and
a vector which can be easily carried out by using the Thrust parallel
algorithms library. In next works, we will improve the current imple-
mentation by employing multigrid pre-conditioners. Our main goal 1s
to develop a fast parallel Navier-Stokes solver based on GPU for sim-
ulation of blood flows.
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