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Existential uniqueness; ‘“at most one”

Unless otherwise specified, ¢ has free variable z (and no
others).

“There exists exactly one x such that "

Sz & yva(p oz =1y) (1)

“There exists at most one x such that "

Fre € Iyva(p -z =1y) (2)



Other definitions for existential uniqueness

Flzp Jz(p AVy(ly/zle — x =1y))
(Fzp AVZVY((p A [y/x]e) — 2 =1y))
(Bze A YyVaz(e — x =y))

(Fzp A T z0)
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Other definitions for “at most one”

Tz «— (Frp — Ilzp)
= Vavy((p A ly/zle) =z =y)

(3)
(4)
(5)
(6)

(7)
(8)



Double existential uniqueness

Assume ¢ has free variables  and y. An idiom frequently used
in literature is dlxdlyp to denote “there exists exactly one x and
exactly one y such that ¢ is true.” But formally it is

Iy — (FzIyp A zFwVaeVy(p — (e =2z Ay =w))) (9)
However, we do have the following equivalences:

(FxFyp A JzFwVaVy(p — (x =2 Ay = w)))

— AzIlyp A VeI yp) (10)
— dzdwVaVy(p <« (r =z Ay = w)) (11)
— AlzIly(Tzp A Jyp) (12)
— lxIly(Tlzp A Jyp) (13)
— (Alzdyp A FlyIxyp) (14)



Uniqueness theorems (1 of 3)

Assume that ¢ and ¢ have z free and that xy does not have x

free.

(—=x A Jlzy))
Jdxp
(Vz(p — )
Fx(x — )
V(e — 1)
Tz

F*z(p V)
(F*zp vV I x1))
F*z(p V)

L A T A

Fz(x V)
(T — Ilzp)
(F*zyp — T*zp)
(x — F'z¢)
(Azyp — T xp)
Fz(p A @)
Tz
Tz (o A )
(F*zp A F'x2))
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Uniqueness theorems (2 of 3)

Assume that ¢ and ¢ have z free and that y does not have x

free.

Tz (x A )

z(x A1)

(Fzp A 3z(p A P))

(Fzp A Jz(p A D))

(Alzp Ay ATz(p A Y))
—dlex ==

(Fxp A dz—p)

R

(x — F"z)
(x A Dzp)
(¢ — )

(o — )

(¢ < )
—Vex =y

—Jleax = x

(24)
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Uniqueness theorems (3 of 3)

Assume that ¢ has z and y free and that ¥ has x but not y free.

(T zp A VI yp)
Ty
lxdyp

AxIF*yo
eIy
VeI yp
VeI yp
(A'zIyp A FlyIzp)

L A A

FyIz (P A @)
VyT*zp

Jydlxp

T2y

dxdyp
(F*xIyp — FyTzp)
(FxTyp — FlyIxyp)
Jlxdlyp

(31)
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(35)
(36)
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Open Problem (?)

Is there a “finite” axiomatization (i.e. a finite number of axiom
schemes) for extending predicate calculus (without equality)
with d!, so that all theorems involving 4! but not involving
equality can be proved?



Appendix - Equation references

T he following list provides the hyperlinks to the formal proofs
for most of the theorems.

Eq. [I—http://us.metamath.org/mpegif/df-eu.html
Eq. 2—http://us.metamath.org/mpegif/mo2.html
Eq. 3—http://us.metamath.org/mpegif/eul.html
Eq. [4—http://us.metamath.org/mpegif/eu2.html
Eq. B—http://us.metamath.org/mpegif/eu3.html
Eq. [6—http://us.metamath.org/mpegif/eub.html
EqQ. [/—http://us.metamath.org/mpegif/df-mo.html
Eq. [8—http://us.metamath.org/mpegif/mo3.html
Eq. [10—http://us.metamath.org/mpegif/2eub.html
Eqg. |[11—http://us.metamath.org/mpegif/2eu6.html
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org/mpegif/euanv.html
org/mpegif/mopick.html
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