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Sage — 910 GecriaTHOE U CBOOOHO PACIPOCTPAHIEMOE MATEMATUYECKOE IMPOTPAMMHOE 00eCIedeHne ¢ OT-
KPBITBIMHA HCXOJIHBIMHU KOJIAMU JIJIsT UCCJIEIOBATEILCKOM PabOThI M OOYUIEHUS B CAMBIX PA3JIMIHBIX 00JIACTAX
BKJIFOUasi ajrebpy, FeOMETPUIO, TEOPUIO 9UCesI, KPUIITOIPAMUIO, YNCIEHHbIE BhIYUC/IeHUs u Apyrue. Kak mo-
JIeJib pa3paboTKN Sage, TaK W YCJIOBUS €r0 PACIPOCTPAHEHNUsI M UCIIOJIH30BAHUST BEIODAHBI B COOTBETCTBUU C
MPUHIUIIAMEI OTKPBITOM ¥ COBMECTHON pabOThI: MBI cCOOMpaeM MAIuHy, a He nepen3obperaeM kojeco. OgHoi
U3 OCHOBHBIX IleJiell Sage sIBJIsieTcsl CO3JIaHKe JOCTYIIHOM, OecIuiaTHON M OTKpPBITON ajbrepHaTuBbl Maple,
Matematica, Magma u MATLAB.

Hacrosimuit nokymenT pacrpocrpansiercs 1o Jjmnen3un Creative Commons Attribution-Share Alike 3.0.
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[naBa 1

BeeneHune

Jannoe yaebHOE mocobme — JIydinii cnocod MO3HAKOMUTBCS ¢ Sage 38 HECKOIHKO JaCOB. Bl MO2KETEe UCIIOJIb-
3oBaTh ero B HTML uwinun PDF dopwmate, a Tak:ke OTKPBITh HHTEPAKTUBHYIO BEPCUIO JIJIsT HETIOCPEICTBEHHOM
paborsl B Sage notebook: nazkmure Help, morom Tutorial. (HTepakTuBHAS BepCUst MOXKET OBITH HEJOCTYII-
HA Ha PYCCKOM si3bIKe, HO MOXKET OBbITh GoJiee MOJIHOM 1 TOUHee COOTBETCTBOBATH TeKyIleil Bepcun Sage.)

Cy1iecTBeHHas 9acTh Sage HAIUCAHA Ha si3bIKe ITporpaMmupoBanust Python, ogaako ero 3uanue e Tpedyercs
JJIS 9TeHus JaHHoro nocobus. Ecau Bel noxenaere y3nars Gosbiie o Python (ouennb ssieranTablil s3bik!),
CYUIECTBYeT MHOI'O IIPEKPACHBIX (U GECIUIATHBIX) UCTOUYHUKOB, Takux Kak [PyT/ u [Dive]. s nepsoro xe
3HAKOMCTBa C Sage JIaHHOe II0CO0Me SIBJISETCS OTJIUYHON OTIPABHON TOYKOMN. MTak:

sage: 2 + 2

4

sage: factor(-2007)
-1 % 372 x 223

sage: A = matrix(4,4, range(16)); A

[0 1 2 3]
[4 5 6 7]
[ 8 9 10 11]

[12 13 14 15]

sage: factor(A.charpoly())
x~2 * (x72 - 30*x - 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m
[-3 1]
L2 3]

sage: E = EllipticCurve([1,2,3,4,5]);

sage: E

Elliptic Curve defined by y~2 + x*y + 3%y = x73 + 2*x72 + 4*x + §
over Rational Field

sage: E.anlist(10)
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[01 1) 1) O) _1) _35 o: _1: _31 _3) _3]
sage: E.rank()
1

sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/ (20*sqrt (73) + 36%I*sqrt(3) + 27)

sage: N(k)
0.165495678130644 - 0.0521492082074256*1
sage: N(k,30) # Touwnocms 30 6um

0.16549568 - 0.052149208%I
sage: latex(k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

1.1 ¥YcrTaHoBKa

Ecin Ha Barem KOMIIbIOTEPE HE YCTAHOBJIEH Sage, ¥ Bbl XOTUTE MIOIIPOOOBATH HEKOTOPhIE KOMAH/IbI, BOCIIOJIb-
gyiiTech 3TOH cehiKoii: http:/ /sagecell.sagemath.org.

PyxoBoscTBo 110 ycranoBke Sage MOXKHO ITPOCMOTPETH HA TJIABHOM CTpaHUIlE Sage B Pa3/iesie JOKYMEHTAIIN:
[SA] 3nech MBI IpUBEEM JIUIIb HECKOJILKO KOMMEHTAPHEB:

1. Barpyxenusbiit dailal ycTaHOBKH Sage SIBJISETCS CaMOJIOCTATOYHBIM. 1O ecTb, XOTs Sage MCIOJIb3yeT
Python, IPython, PARI, GAP, Singular, Maxima, NTL, GMP u T.7., oT/1e/IbHO} YCTAHOBKM BbIIIIE-
[EPEYNCIEHHBIX [TAKETOB HE TPEOyeTcs, Tak KaK OHM yKe BKJIOYeHbl. OHAKO, JJIsI MCIOJIb30BAHUS
HEKOTOpBbIX (dyHKIH Sage Takux, kak Macaulay wim KASH, Bbl JO/IKHBI yCTaHOBUTH TPEOYONIHECS
daitipl nIM UMeTh COOTBETCTBYIOIINE MPOrPAMMbI Ha BateM Komibiorepe. Macaulay u KASH ssistior-
csl TaKeTaMu Sage (711 IPOCMOTPA CITICKA JIOCTYIIHBIX [IAKETOB BBEUTE sage -optional mim usyunte
pazznen “Download” Ha BeG-caiire Sage).

2. IlpenBapure/ibHO CKOMIMJINPOBAHHYIO OMHAPHYIO BEPCUIO Sage, KOTOPYIO TAK2Ke MOXKHO HailTu Ha BeO-
caiiTe, OymeT Jierde yCTAHOBUTH, UY€M BEPCHIO B MCXOmHOM Kofe. IIpocTo pacmakyiiTe u BLITOJHUTE
sage.

3. Eciiz BBI kejtaere ucnosib3oBaTh naker SageTeX, KOTOPBIN MO3BOJISIET BCTABJISITh PE3YJIBTATHl BBIUUC-
sennit Sage B LaTeX daiisn, Tpebyercs caenars SageTeX mspectubim Bameit cucreme TeX. st aToro
uzyuure cekiuio “Make SageTeX known to TeX” B Pykosojcrse 1o ycranoske Sage (IaHHas CCHLIKA
BeJIET K JIOKAJIHHOMY PA3MEIIEHUIO KOIUU DYKOBOJICTBA 110 YCTAHOBKE). DTO JOBOJBHO IIPOCTO; BAM
TTOHA00UTCST BCETO JINIIh CKOMMMPOBATH OJNH (hailyi B JUPEKTOpHIo moncka TeX.

JokymenTarust o ucnoJib3oBarmio SageTeX naxommrcest B $SAGE_RO0T/local/share/texmf/tex/
latex/sagetex/, rie “$SAGE_ROOT” cOOTBETCTBYET IMPEKTOPUH, TJI€ YCTAHOBJIEH caM Sage, HalpuMep,
/opt/sage-4.2.1.

1.2 PabGora B Sage

Pa6ora B Sage MoxKeT OBITH OCYIIIECTBJIEHA HECKOJIBKUMU Ly TSIMU:

e Notebook (rpadudeckmii uarepdeiic): cm. pasaen o Notebook B crpaBouHOM pPYKOBOJCTBE, a
Takxke Unmepgpetic Notebook uumxe;

o nTtepakTuBHAsA KOMaHJHAsI CTPOKA: CM. Mnmepaxmusras 000404Ka;

e IIporpamMmbI: co3/@aHNe MHTEPIPETUPYEMBIX M KOMITJIUPYEMBIX IporpaMMm B Sage (cm. Bazpyska u
npukpenaenue Painros Sage m Cozdarue KOMNUAUPOBAHHO20 K0O);

4 Fnasa 1. BsepeHnune
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1.3

CKPUIITBI: CO3/IaHNe CAMOCTOSITEBHBIX CKpUNTOB Ha Python, ncnonbsyromux 6utamorexn Sage (cM.
Camocmosmenvrue ckpunmo. Python/Sage).

Llenn Sage

ITosie3ublit: npeanoaraeMas ayJauTOPHUs [IOJIb30BaTeIel Sage — 3TO IMKOJLHUKA CTaPIINX KJIACCOB,
CTYJIEHTBI, yIUTENIs, Tpodeccopa U MaTeMaTUKHU-UccIea0BaTe/ . Lleab: IpeocTaBuTh IPOrpaMMHOE
obecrieduenre, KOTOpoe OBLIO ObI TOJIE3HO ISt U3y UYeHNs U UCCIEIOBAHUIN C TIOMOIIBIO0 MATEMATHIECKUX
KOHCTPYKIIUI B ajrebpe, TeOMEeTPUH, TEOPUH YUCEJ, YUCAEHHBIX BLIYUCICHUAX U T.JI. Sage yIpoIaeT
MHTEPAKTUBHOE SKCIEPUMEHTHPOBAHIE C MOMOIIBIO MATEMATHIECKIX O0BEKTOB.

DddekTuBHbIN: Bynbre ObICTPHIMEA B BBIYUCEIHUSIX. Sage MCIIOJIb3yeT BbICOKOOITUMU3UPOBAHHOE
nporpammuoe obecrieuenne, Kak GMP, PARI, GAP, and NTL, u nosromy siBjisiercsi 04eHb OBICTPBIM B
oTepaIusx.

CBoboubIit 1 OTKPBITHIH: VICXOmHbBINH KO/, JOJIKEH OBITH CBOOOIHO JOCTYIIHBIM, TE€M CAMBIM IIPEIOCTAB-
JIsis TIOJTb30BATEJISIM BO3MOYKHOCTD MMOHSTH, YTO MMEHHO BBIITOJIHIETCS CHCTEMON, U JIErKO JIOTOJIHATH
ee. Tak ke, KaKk 1 MaTeMaTUKHU TTPUOOpETAIOT OoJtee TIyOOKOe MOHUMAaHNE TEOPEMbI, YIJIYOsIsach B ee
JIOKA3aTeJIbCTBO, JIFOJIM, BBIMOJIHSIIOIINE BBIUYNC/IEHUs], B CUJIaX [TOHSATh, KAK 9TU BBIYUCJIEHUS TPOU3BO-
JIATCsI, TIOYUTAB JOKYMEHTHUPOBAHHBIN MCXOAHBIN KO/ Eciu Bbl HCITOIb3yeTe BHIYUC/ICHNS Sage B CBOUX
IyOJIMKAIMAX, BBl MOXKETe OBITH YBEPEHBI, UTO BaIlll YUTATE]N OYIyT BCErIa MMETH JOCTYI K Sage u
BCEMY MCXOJHOMY KOJy. BbI TaKkKe MOYKeTe apXUBUPOBATD U IIEPEPACIPEIEIISITH UCIIOIB3YEMYIO BEPCUIO
Sage.

Jlerko koMOwJIMpyeMmblii: Sage J0/KHO OBbITH JIErKO CKOMIIMJIMPOBATH U3 MCXOIHBIX KOJOB IIOJ
GNU/Linux, OS X u Windows. 9T0 IpeJocTaBUT IOJIb30BATE/SIM BO3MOXKHOCTH MOAMMUIIMPOBATE
U ONTUMU3UPOBATH CHCTEMY IIOZ, CBOH IIPEIIOYTCHNUS.

BzaumogeiictBue: ObecriednTh MpOCThIe W HAJEKHBIE UHTEPMEHCHI Jijisi MHOIHX JIPYTUX CHCTEM
KOMITbIOTepHO# ayireOpsl, BkJouas PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and
Mathematica. Sage cozzman jjst o0beJUMHEHUST U PACIIUPEHUsT BO3MOXKHOCTEH CYyIIEeCTBYIOIIEr0 MaTe-
MaTUIeCKOrO TPOrPAMMHOTO ODECTICIEHMUS.

Xopollio JJOKYMEeHTHPOBAaHHbBINH: Bhl mMmeere g0ocTynm K yaIeOHOMY MOCOOUIO, PYKOBOJCTBY IO IIPO-
IPAMMUPOBAHUIO, CIIPABOYHOMY PYKOBOJICTBY 1 how-to, BKJIIOUAOIIHE B ce0sl MHOTOYNCIIEHHBIE TIPUMe-
PBI 1 00Cy2KIeHe MAaTeMATUIECKON MTOJIOIIEKH.

Pacmiupsiembrii: O0bsiBisiiTe HOBbIE THIBI JAHHBIX UJIN PACIIUPSITE BCTPOEHHBIE, UCIIOIB3YITEe KOJI,
HAIIMCAHHBIA BO MHOYKECTBE A3BIKOB.

dpyxectBeHubrii: Bam 6ymer jrerko mounMarh HyHKIIMOHATLHOCTD JI000T0 00BEKTA, a8 TaKXKe ITPO-
CMaTpUBaThb JOKYMEHTAIIUIO U I/ICXO)]‘HI)II‘/JI KOJI. TaK)Ke uMeiite B BUY BBICOKUIA YPOBEHDL NOJAEP2KKU
[I0JIL30BaTEsICH.

1.3.

Uenn Sage 5
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[naBa 2

Typ no Sage

JlaHHBIN pa3mes MOKaXkeT, YTO JocTynHO B Sage. st apyrux npumepos cMm. “Sage Constructions”, rue na-
XOJIATCST OTBETHI HA YacTO 3aJlaBaeMble BOIPOChl. Takxke cMm. “CrpaBodHOe PYKOBOJCTBO Sage”, B KOTOPOM
MOXKHO HAWTH ThICAIN JApyrux npuMepoB. C maHHOM 9KCKypcHeil MOKHO paboTaTh WHTEPAKTUBHO, €CITH 3a-
nycruth Sage Notebook n HakaTh Ha cchlIKy Help.

(Ecam ypoku npocmarpusatorca B Sage Notebook, maxkmmre shift-enter i TOro, 4ToObl BHIYHUC/IUTD
J00yIo sueliky BBoja. Jlo Haxkarus coderanus Kiaasuml shift-enter MOXKHO PeJAKTHPOBATH TEKCT BBOJA. )

2.1 lNpuceanBaHue, cpaBHeHne n apudmMmeTuka

C HEKOTOPBIMU UCKJIIOUEHUSIME Sage NCIOJIb3yeT sI3bIK IIporpaMMupoBanust Python, mosromy muorne Kuurm,
sHakoMsIme ¢ Python, momoryr B u3ydenun Sage.

Sage ucmonb3yer = mjisi TPUCBAMBAHUSA. ==, <=, >= < U > UCIOJIB3YIOTCH JJIsi CDABHEHUS:

sage: a = 5
sage: a
5

sage: 2 ==
True

sage: 2 == 3

False

sage: 2 < 3
True

sage: a ==
True

Sage momiepKuBaeT Bce 6A30BbIE MATEMATHIECKIE OIIEPAITUH:

sage: 2%*3 # **x o3Hawaem eo3gedeHue & cmenewsb
8
sage: 273 # e Sage ~ u ** cunonumet (e omauvwue om Python)

8
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sage: 10 % 3 # 0aa yeaviw wucea ) osnawaem mod, m.e. 63amue 0CMAMKA

sage: 10/4
5/2
sage: 10//4 # O0aa yeasx wucea // 03HavGEM YEAOUUCAEHHOE “ACMHOE

sage: 4 *x (10 // 4) + 10 7, 4 == 10
True

sage: 372%4 + 2J,5

38

Broruncienne BeipakeHusi, TaKOTO Kak 372*4 + 27,5 IPOM3BOJAUTCS B COOTBETCTBUU CO CTAPIIUHCTBOM OIIe-
parmii, Kak ommcaHo B [Ipuopumem 6unaphvle apudmMemuieckus onepamopos.

Sage TakKe MOJIEPKUBACT MHOTHE MATEMATHIECKHE (DyHKIAN:

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2%sqrt (3)

Kak mokasbiBaer mocseqamit mpuMep, HEKOTOPhIe MATEMATHIECKIE BhIPAXKEHUsT BO3BPAIAIOT ‘TOYHbBIE’ BEJIN-
YUHBI, HO HE YNCJEHHBbIe TPUOInKeHus. st Toro, 9To0bI MOy YATh 9UCIEHHOE IPUOJINYKEHNEe, UCIOIb3yiiTe
dyukuumio n nim merox n (06a uMeror Gosiee IUIMHHBIE HA3BaHUs - numerical _approx; dyHkius N - 9170 TO
ke camoe, 9To 1 n). OHM IPUHUMAIOT HeOOsI3aTeJbHbIe apTYMEHThI Prec, KOTOPbIH OIPeessieT KOJINIeCTBO
O6UTOB TOYHOCTH, U digits, KOTOPBIH OlpeessieT KOJIMIeCTBO AeCATHIHBIX udp TouHocTu. [lo ymosraanuio,
npuMensiercs 53 6uTa TOIHOCTH.

sage: exp(2)

e”2

sage: n(exp(2))

7.38905609893065

sage: sqrt(pi).numerical_approx()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python umeer quraMudeckuii KOHTPOJIb TUIIOB, TAK YTO 3HAYEHHUE, HA KOTOPOE CChLIAETCS TEPEMEHHAsT, TMEeeT
THI, CBsi3aHHbIN ¢ HuUM. OHAKO, JaHHAs [EpeMEeHHasl MOXKET COJIEPKATh 3HAUYEHUe JIFOOOro TUIA U3 S3bIKA
Python:

sage: a = b5 # a - yenoe wucao

sage: type(a)

<type 'sage.rings.integer.Integer'>

sage: a = 5/3 # menepe a - PAYUOHAALHOE HUCAO
sage: type(a)

<type 'sage.rings.rational.Rational'>

sage: a = 'hello' # menepe a - cmpoka
sage: type(a)
<... 'str'>

8 Fnasa 2. Typ no Sage
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S3pik C, KOTOPBIN UMEET CTATHIECKHUI KOHTPOJIb TUIIOB, CYIIECTBEHHO OTJINIAETCS; IIepeMEHHAsT, 00bsIBIICH-
Has Kak I[eJIoe YHUCJIO, MOXKeT COIepKaTh TOJIBKO IIeJI0e UUCIIO.

2.2 lMony4eHue nomowmn

B Sage €CThb NCYEPIIbIBalOIasl BCTPOCHHasA JOKYMEHTAIIUA, K KOTOpOfI MO2KHO ITIOJIy9UTH JOCTYII, HalledaTaB
nMA (byHKL[I/II/I 1M KOHCTAaHTBI C IIOCJICAYIOINM BOIIPOCUTEJIbHBIM 3HAKOM:

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES:
sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)
1
sage: tan(1/2)
tan(1/2)
sage: RR(tan(1/2))
0.546302489843790

sage: log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: log2( [noargspec] )

Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float(log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-log2)/(1+log2); 1
(1 - log(2))/(1og(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima(log2)
log(2)
sage: maxima(log2).float()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 # 32-bit
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0.69314718055994530941723212145817656807  # 64-bit
sage: sudoku?

File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>

Definition: sudoku(A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:

: A = matrix(zZ,9, [5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,

7, 3,0,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, 0,0,0, 2,0,8, 0,0,0,
o, o,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
0, 0,5,0, 0,0,31)

0
[
[0}
0]

o O O
O O w
o O O
» O O
©O© O O

B 3

sage: A
[5000800 4 9]
[0005000 30]
[067 30000 1]
[1 5000000 0]
[00020800 0]
[0000O0O0OT18]
[70000415 0]
[03000200 0]
[4 9005000 3]
sage: sudoku(A)
[513687249]
[849521637]
[267 34958 1]
[158463972]
[97 4218 36 5]
[3267 9541 8]
[78293415 6]
[6 3517289 4]
[4918567 2 3]

Sage TakKe MPEIOCTABIAET BO3MOXKHOCTD ‘ABTO3aBepIeHrs’: HaredyaTaiiTe HECKOJILKO NIEPBBIX OYKB HA3Ba-
uus yuknuun u zHaxkmure TAB. Hampumep, ecsim mamedarars ta m Haxkars TAB, Sage BwiBemer tachyon,
tan, tanh, taylor. /lamnas OyHKIUS SBJISETCH XOPOIIMM CIOCOOOM IOMCKa UMeH (DYHKIWI WIH JPYTUX
KOHCTPYKIIMiI B Sage.

2.3 ®DyHKUUU, OTCTYMNbl U CHETHUKN

Iyis Toro, 9Tobb! onpenenTh MYHKIWIO B Sage, UCIOJIb3yiiTe KoMaH y def u JBoeTOYME ITOC/IE CITUCKA UMEH
IIepEeMEeHHBIX:

sage: def is_even(n):
L return nj%2 ==
sage: is_even(2)

True

sage: is_even(3)

False

Samerka: B 3aBucumocTu or Bepcuu y4eOHOrO mocoOusi Ha BTOPOIl CTPOKE 3TOrO MpUMepa MOXKHO YBUJIETH
....:. He meuaraiite ux, Tak Kax OHU CJIy?KaT JIUIIb JJIsI TOTO, YTOOBI IOKA3ATh OTCTYIIBI B KOJIE.

He omnpenensiite Tumos aprymeHTOB. MOXKHO ONIpENESNTh HECKOJBKO BUJIOB BBOJA, APTyMEHTHI KOTOPBIX
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MOT'YT UMEeTb 3HAUEHUS 110 yMordannio. Hampumep, OyHKIN B CIIYIONIEM ITIPUMEPE UCIOIb3yeT divisor=2,
ecau divisor He 3a/laH.

sage: def is_divisible_by(number, divisor=2):
et return numberdivisor ==

sage: is_divisible_by(6,2)

sage: is_divisible_by(6)

sage: is_divisible_by(6, 5)

Tak>ke MOXKHO 3a71aBATh BBOJHBIE JIAHHBIE B IBHOM BHJIE PHU BbI30Be (hyuKImu. Ecan 3a/1aBaTh mapaMeTpbl
ABHO, TO IOPSIJIOK HE BaXKEH:

sage: is_divisible_by(6, divisor=5)

False

sage: is_divisible_by(divisor=2, number=6)
True

B Python 6710ku koza He oTmesi0TCS (DUTYPHBIMU CKOOKAMU MJIA JPYTUMHU ODO3HAYCHUSIMU, KaK B JPYTHUX
sI3BIKaX. BMECTO 3TOr0 MCMONB3YIOTC OTCTYyTbl. Hampumep, cieryioliee BbIIACT CHHTAKCHIECKYTIO OIMIHOKY,
TaK Kak I1epeJ; return HeT TAKOrO YKe KOJIMYeCTBA OTCTYIIOB, KAK B MPEJBIILYIINX CTPOKAX.

sage: def even(n):
cea v =[]
et for i in range(3,n):
ceeat if 1 % 2 == 0:
et v.append (i)
et return v
Syntax Error:

return v

Ecaun nobasuth oTcTymnbl, GyHKIM OyaeT paboTaTh:

sage: def even(n):

R v =[]

R for i in range(3,n):
R if 1 % 2 == 0:
ceat v.append (i)
ceelt return v

sage: even(10)

[4, 6, 8]

Toukn ¢ 3amgaToil He HYKHBI Ha KOHIIAX CTPOK. MOXKHO pacHOJIOXKUTH HECKOJIBKO YTBEPXKIECHUN HA OITHOU
CTPOKE, OTJIEJICHHBIX TOYKAMU C 3aIIATOMH:

sage: a =5; b=a+ 3; ¢c=b72; c
64

Ecnu tpebyercst pacmosioKuTh CTPOKY KOJa Ha HECKOJIBKUX CTPOKAX, UCIOJIb3yiTe \:

B Sage cuerunku nponsBoasiT uTepanuu Mo MHTEPBAILY EIbIX dncesi. Hampumep, mepBasi CTpOYKa B IpUMeEpe
O3HavIaeT TO ke camoe, 910 for (i=0; i<3; i++) B C++ mmm Java:
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sage: for i in range(3):
R print (i)

N = O

IlepBas cTpouka B ciemytoreM npumMepe dKBuBajgeHTHA for (i=2;i<5;i++).

sage: for i in range(2,5):
et print (i)

Tpernii aprymenT 3amaer mar. Ciemyroiee 3KkpuBajeHTHO for (i=1;1i<6;i+=2).

sage: for i in range(1,6,2):
e print (i)

Yacto TpedyeTcst co31aTh TabJINILy JIJIs BBIBOA YACEJI, IOCIUTAHHBIX B Sage. JIerkuii crrocod — UCIoIn308aTh
dopmaTupoBanne ctpok. Huke cozmaercsa tabiuia ¢ TpeMs cTOAOIAMEI MUPUHON 6, comepxKaras Tabuiy
KBaJIPATOB U KyOOB:

sage: for i in range(5):
caa print('%6s %6s %6s' % (i, i~2, i~3))

0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

CaMbIM 6a30BBIM THUIIOM JIAHHBIX B Sage sIBJISIETCs] CHUCOK — HAbOp pasindHbIX 00beKToB. Hampumep, Ko-
MaH/Ia range CO3/aCT CIIUCOK:

sage: range(2,10) # optional - python2

[2, 3, 4, 5, 6, 7, 8, 9]

sage: list(range(2,10)) # optional - python3d
(2, 3, 4, 5, 6,7, 8, 9]

ﬂaﬂee IIOKa3aH IIpUMeEp 0oJIee CJIOXKHOT'O CITUCKA:

sage: v = [1, "hello", 2/3, sin(x~3)]
sage: Vv
[1, 'hello', 2/3, sin(x~3)]

I/IH,D;EKCI)I B CIIMCKE HAYHMHAIOTCA C HYJ/IAd, KaK BO MHOI'UX A3bIKaX IIPOTrpPaMMUPOBaHUA.

sage: v[0]
1

sage: v[3]
sin(x~3)

Ncnonwzyiite len(v) mist TOro, 9To0bI MOIYIUTD JJIuHy v; v . append (obj) mis Toro, 9Tobbl 100aBUTH HOBBIT
00beKkT K KOHITy v, 1 del v[i], 9ToOBbI yIauTh i-if 9JIeMEeHT U3 V:
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sage: len(v)

4
sage: v.append(1.5)
sage: Vv

[1, 'hello', 2/3, sin(x~3), 1.50000000000000]
sage: del v[1]

sage: Vv

[1, 2/3, sin(x~3), 1.50000000000000]

Jpyroii ouenb BaxKHBIl TUI JAHHBIX — cJoBapb (win acconmaruBHbii Maccus). OH paboraer, KaK CIIUCOK,
HO MOKeT ObITh UHJIEKCUPOBAH HOYTH JIIOOBIM 00BHEKTOM (HMHIEKCHI JOJXKHBI OBITh HEM3MEHUMbIMN ):

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

-2

sage: d[e]

pi

TakzKe MOYKHO OIpEIC/IUTH HOBBIM TUI JAHHBIX C UCIOJIb30BaHUEM KJiaccoB. MHKancymposanne MaTeMaTH-
9eCcKnX OOBEKTOB B KJIACCAX — ITO MOIIMHAS TEXHUKA, KOTOPas MOXKET IIOMOYb YIPOCTUTb M OPraHU30BATH
nporpaMMbl B Sage. Hurke mokazan mpumep KJacca, KOTOPBI COCTOUT U3 CIUCKA MOJIOKUTETbHBIX IETHBIX
[eJIBIX YUCeJI JI0 7M; OH IIOJIyYeH U3 BCTPOEHHOI'O TUlla list.

sage: class Evens(list):

R def __init__(self, n):

R self.n = n

o list.__init__(self, range(2, n+l, 2))
R def __repr__(self):

ot return "Even positive numbers up to n."

Merox __init__ BbI3bIBaeTCs JIJIsl HHUIMAIN3AIME O0'bEKTA IIPH €I'0 CO3/IAHUN; METOJI, __repTr__ BbIBEJIET BCE
00bekThl. KOHCTPYKTOp CIIMCKA BBI3BIBAETCS BO BTOPOil cTpouke Merona __init__. O6bekT Kitacca Evens
co3JaeTcs B CJIeIyIOleM BUJe:

sage: e = Evens(10)
sage: e
Even positive numbers up to n.

3aMeTbTe, YTO € BBIBOJAUTCS C IIOMOIIBIO METOJA, KOTOPBII ObLI 3ajiaH Hamu. [ljist mpocMoTpa

CIHCKa YHCeJ UCHOoJIb3yiiTe hyHKImo list:

_repr

- -

sage: list(e)
[2, 4, 6, 8, 10]

MokHO 00paTUTHCsI K aTPUOYTY N UM UCIIOJIb30BATH € KAaK CITHCOK.

sage: e.n
10
sage: e[2]
6

2.4 Bba3soBas anrebpa v BblYnCAeHUs

Sage MOXKeT OCYIECTBJISITh BHIYUCJIEHUST TaKKe, KAaK MOUCK PeleHuil ypaBaenuit, nuddepeHnupoBanme, nH-
TerpupoBanue u npeodbpaszosanus Jlamraca. Cm. Sage Constructions , riae comepkarcs MpUMepHI.
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2.4.1 PeweHne ypaBHeHWiA

TouHoe peweHue ypaBHeHWA

Oyuknus solve permaeT ypaBHeHUs. /I ee UCIMOIb30BaHUs CHAYAJA HY2KHO ONPEJCTUTH HEKOTOPBIE ITepe-
MEHHbBIE; apryMeHTaMu Jjid solve OyuyT ypaBHeHue (MU CUCTEMa yDABHEHUI) U epeMeHHbIe, JJisi KOTOPhIX
HY2KHO HAWTHU pelIeHue:

sage: x = var('x"')
sage: solve(x™2 + 3*x + 2, x)
[x == -2, x == -1]

Moxkno pemaTth ypaBHEHUS JJId OJHOI MEpeMEHHON depes3 JIpyrue:

sage: x, b, ¢ = var('x b c¢')
sage: solve([x"2 + bxx + ¢ == 0],x%)
[x == -1/2%b - 1/2*sqrt(b~2 - 4x*c), x == -1/2*%b + 1/2*sqrt(b~2 - 4xc)]

Tak>ke MOXKHO peniaTh ypaBHEHUA C HECKOJIbBKUMU ITEPEMEHHBIMU:

sage: x, y = var('x, y')
sage: solve([x+y==6, x-y==4], x, y)
[[x =5, y == 111

Cremytomuit mpuMep MOKa3bIBaeT, KaK Sage pelraeT CUCTeMy HeJIMHeHHbIX ypasHuenuii. s madasa cucrema
pelaeTcss CUMBOJIBHO:

sage: var('x y p q')
(x, ¥, p» @

sage: eql = p+q==9
sage: eq2 = qQkyt+p*x==-

sage: eq3 = qQ*y 2+p*x~2==24

sage: solve([eql,eq2,eq3,p==1],p,q,x,y)

[[p==1, q ==8, x == -4/3*sqrt(10) - 2/3, y == 1/6%sqrt(10) - 2/3], [p == 1, q == 8, x == 4/
—3%sqrt(10) - 2/3, y == -1/6%sqrt(10) - 2/3]]

,ZLHSI HpI/I6JII/I}KeHHI)IX 3HAYEHUN pemenuda MOXKHO HCIIOJIb30BaTh:

sage: solns = solve([eql,eq2,eq3,p==1]1,p,q,%x,y, solution_dict=True)
sage: [[s[p]l.n(30), slql.n(30), s[x].n(30), slyl.n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(OyHKIWMs n BbIBeIET NPUOJINKEHHOE 3HAYeHNe. APIyMeHTOM JIIsl JTAHHON (DYHKIUH SIBJISIETCS KOJIMIECTBO
GUTOB TOYHOCTH )

HYucneHHoe pelueHne ypaBHeHW

Bo muOrUX ciayuasix pynkmust solve He criocoOHA HAWTU TOYHOE pellleHne ypaBHeHus. BMecTo Hee MOXKHO mC-
01b30BaTh GyHKINO find_root /s HAXOXK/IEHUS YUCJIEHHOrO pernenns. Hampumep, solve He BO3BpaIaer
HUYEero CyIIECTBEHHOI'O JIJIA CJIEYIONero ypaBHEHUA:

sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin(theta) == cos(theta)]
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C apyroii croponbl ¢yHKIus find_root MOXKeT MCIIOJIb30BATHCS JIJI PEIIEHUsI BBIIIEYKA3aHHOIO [IpUMepa
B nnrepsae 0 < ¢ < w/2:

sage: phi = var('phi')
sage: find_root(cos(phi)==sin(phi),0,pi/2)
0.785398163397448. . .

2.4.2 OwvddepeHunpoBaHne, niterpmpoBaHue u T.4.

Sage ymeer nuddepeHIupoBaTh 1 HHTErpupoBarTh MHOrue pyHKnuu. Hampumep, st Toro, 4robbl mpoaud-
depennuposars sin(u) 1o nepeMeHHOH u, Tpebyercs:

sage: u = var('u')
sage: diff(sin(uw), u)
cos (u)

Iy ojicyeTa "eTBepTOl Tpou3BOHON dbyHKIEH sin(z?) Haio:

sage: diff(sin(x"2), x, 4)
16*%x~4*sin(x"2) - 48xx~2*xcos(x~2) - 12*sin(x"2)

ILHSI HaXOXKJACHUA JaCTHBIX IIPOU3BOJHBIX, KaK, HaIIpUMeED, JIJId (byHKI_[I/II/I 1‘2 + 17y2 IO ' 1 Yy COOTBETCTBEHHO:

sage: x, y = var('x,y")
sage: f = x72 + 17xy~2
sage: f.diff(x)

2x%x

sage: f.diff(y)

34xy

- . 1
Tenepb HafijéM HHTErDAJIBL: U OLPeJIeIeHHble, 1 Heonpeeaentase. Hanpumep, [ rsin(a?) dr un fo %ﬂ dx

sage: integral(x*sin(x~2), x)
-1/2%cos(x"~2)

sage: integral(x/(x"2+1), x, 0, 1)
1/2%1log(2)

%1 HYZKHO C/eJIaTh CJeyoliee:

s Haxox/ieHus pa3jioxeHus Ha IIPOCThIe IPOOH JIIA —

sage: £ = 1/((1+x)*(x-1))
sage: f.partial_fraction(x)
-1/2/(x + 1) + 1/2/(x - 1)

2.4.3 Pewenne gndpcpbepeHuymanbHbiXx ypaBHEHUA

Sage MOKeT UCIIOJIL30BAThLCH JId pellleHns quddepeHnnalbHbIX ypasHenuit. s pemenus ypapnenus x’ +
r — 1 =0 caenmaeM ciemyroiee:

sage: t = var('t') # onpedenenue nepemenHrol t OAR CUMBOAbLHLIT BbI4UCAEHUU
sage: x = function('x') (t) # onpedesenue Pyrkyuu T saeucsyel om t

sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + e~t)xe”(-t)
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Huast sroro memosb3yercst uatepdeiic Maxima [Maz/, mosromy pesynbraT MOXKeT OBITH BBIBEJEH B BUJE,
OTJIMYHOM OT OOBITHOI'O BBIBOJIA Sage. B maHHOM ciydae obiree perenune Jijist JaHHOTO Jud depeHnabrHoro
ypasnenust - x(t) = e (et + C).

I[Ipeo6pazosanms Jlamiaca Takxke MOTyT OLITh BIYHECIeHbl. IIpeobpasosanme Jlammaca amsa t2e! — sin(t)
BBIUUCJISETCS CIIELYIONIM 00pa30M:

sage: s = var("s")
sage: t = var("t")
sage: f = t"2xexp(t) - sin(t)

sage: f.laplace(t,s)
-1/(s”2 + 1) + 2/(s - 1)°3

IIpusenem Gosee cioxkubiii mpumep. OTKJIOHEHNE OT TIOJIOXKEHUSI PABHOBECHS IJIsl TIAPBI IIPYKUH, IIPUKPETI-
JIEHHBIX K CTE€HE CJIEBA,

| -——--- \/\/N/\/\---1Imaccal|----\/\/\/\/\/----|macca2|
npyxuHal IpyXuHa2

MOXKET OBITh NPEJACTABICHO B BUAE AU (EPEeHINAIbHBIX yPABHEHUI BTOPOTrO MOPAIKA,
myxy + (k1 + ko)x1 — kowy =0
mgxg + kg(l‘g — 1‘1) =0,

TIe M; - 9TO Macca O0BEKTA i, T; - ITO OTKJIOHEHUE OT ITOJIOXKEHUsI PABHOBECHSI MACCHI i, a k; - 9TO KOHCTAHTA
JJ1d IPY?KUAHBI 1.

ITpumep: Vcnonn3syiite Sage juist BBIIEYKA3aHHOTO npuMepa ¢ my = 2, mg = 1, ky = 4, ko = 2, 21(0) = 3,
21 (0) =0, 22(0) = 3, x4(0) = 0.

Perrenne: Hasto naiitn npeoGpazosanue Jlaniaca nepBoro ypaBHeHHst (C yCJIOBUEM X = X1, Y = Ta):

sage: del = maxima("2*diff(x(t),t, 2) + 6*x(t) - 2*y(t)")

sage: ldel = del.laplace("t","s"); ldel

2x((-%at ('diff(x(t),t,1),t=0))+s"2%'laplace(x(t),t,s)-x(0)*s)-2*'laplace(y(t),t,s)+6x'laplace(x(t),
<~>t,s)

JlaHHBIN PE3yIbTAT THAXKEJIO YUTAEM, OJTHAKO JIOJI?KEH OBITh MOHST KaK
—227(0) 4 25% - X (s) — 252(0) — 2Y(s) + 6X(s) = 0

Haiinem npeobpazosanue Jlamiaca st BTOpOro ypaBHEHUS:

sage: de2 = maxima("diff(y(t),t, 2) + 2xy(t) - 2xx(t)")
sage: 1lde2 = de2.laplace("t","s"); 1lde2
(-%at ('diff(y(t),t,1),t=0))+s"~2%'laplace(y(t),t,s)+2*'laplace(y(t),t,s)-2*"'laplace(x(t),t,s)-y(0)*s

Pesynbrar:
—Y'(0) + s?Y (s) + 2Y (s) — 2X(s) — sy(0) = 0.

Berasum wHavanbable yenosus s 2(0), 2/(0), y(0) u y'(0), u permnm ypaseHust:

sage: var('s X Y')
(s, X, Y)
sage: eqns = [(2*%s72+6)*X-2*%Y == 6xs, -2*xX +(s72+2)*Y == 3xs]
sage: solve(eqgns, X,Y)
[[X == 3%(s"3 + 3*s)/(s74 + 5*s~2 + 4),
Y == 3%(s73 + 5*s)/(s74 + b5*s~2 + 4)]]
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Temnepnr mpousseiém obpaTHoe mpeobpa3oBanue Jlammaca /i HaX0XKIEHUST OTBETA:

sage: var('s t')

(s, )

sage: inverse_laplace((3*s~3 + 9xs)/(s74 + 5*s”2 + 4),s,t)
cos(2xt) + 2%cos(t)

sage: inverse_laplace((3*s~3 + 15%s)/(s™4 + 5*s”2 + 4),s,t)
-cos(2xt) + 4*cos(t)

Urak, orser:
x1(t) = cos(2t) + 2cos(t), x2(t) = 4cos(t) — cos(2t).

I'pacduk gyt oTBeTa MOXKET OBITH TOCTPOEH MMAPAMETPUIECKU, UCIIOJIb3YSI

sage: t = var('t')

sage: P = parametric_plot((cos(2+t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
ceeat (t, 0, 2*%pi), rgbcolor=hue(0.9))

sage: show(P)

I'paduku MOTYT OBITH TTOCTPOEHBI U /I OTAEILHBIX KOMIIOHEHTOB:

sage: t = var('t')
sage: pl = plot(cos(2*¥t) + 2xcos(t), (t,0, 2xpi), rgbcolor=hue(0.3))
sage: p2 = plot(4*xcos(t) - cos(2xt), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

st 6osiee ucyepubiBatomeil nadopMarmu mo rpaduram cM. [locmpoenue epapuros. Takxke cMm. cekuio 5.5
u3 [NagleEtAl2004] nnst yraybaenuoii undopmanuu 10 auddepeHiuaibHbIM YPABHEHUIM.

2.4.4 MeTop diinepa gns peweHuns cuctem aunddepeHymnanbHbiX ypaBHEHWIA

B cienyroniem npumepe nokasan meron Jiyiepa Jisi audepeHIuaibHbIX yPaBHEHH [IEPBOIO U BTOPOI'O
nopsiikoB. CHada 1a BCIIOMHUM, UTO JeJIaeTCs JIJIsl yPAaBHEHMIT TepBOro nopsijka. Jlara 3aada ¢ Ha9a IbHBIMI
YCJIOBUSIMU B BHJIE

y = f(z,y), yla)=c,

TpebyeTrcs HallTH TPUOIN3UTEILHOE 3HAYEHNE pertenus upu ¢ = b u b > a.

W3 ompejiesiennst Mpou3BOIHON CIeIyeT, ITO

vy yl@+h) —y(z)
y(a)m =———,

rme h > 0 jpaHo u siBasiercst HeGosbimmM. 1o u juddepeHnmanbHoe ypasHerune nawor f(z,y(x)) =

M. Teneps Ha 0 pemuTh s y(x + h):

y(@+h) =y(x) +h- flz,y(z)).

Ecmn massate h - f(x,y(z)) “nonpasounsiv smementom”; y(x) “npexkanM 3Hauenuem y” a y(z + h) “HOBbIM
3HaYeHneM Y, TOrJia JaHHOe NPUOJIMKEHe MOXKET ObITh BBIPAsKEHO B BHUJIE

Ynew =~ Yold + h- f(ma yold)-
b—a

Ecim pazours unTeppan Mexky a u b Ha n uacreif, uTobbl h = %, TOrJ]a MOXKHO 3alUCaTh UH(MOPMAIUIO
JJIsE TAHHOTO METO/a B TabJInILy.
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x y h-f(z,y)
a c h- f(a,c)
a-+h c+h- f(a,c)

a+2h

b=a+nh | 77?7

Ilesbro siBJISIETCST 3AIIOJIHUTE BCE ITyCTOTHI B TAOJINIIE IO OJHOMY PsIY 3& Pa3 JI0 MOMEHTA JIOCTUKEHUST 3aIIUCU
777, KoTOpas U sIBJIsieTCsl TPUOJINKEHHBIM 3HaYeHneM Meroja ditrepa st y(b).

Pemmenne cucrem nuddepennmanbHbIX ypaBHEHHIT IOX0Ke HA PEIeHne OOBITHBIX TuddepeHInaIbHBIX YPaB-
HEHU.

ITpumep: Haiiaure unciensoe npubinsnuresnsHoe 3HadeHne st z(t) npu ¢ = 1, ucnonssyst 4 mara mMeTona
Ditepa, rue 2"’ +tz' + 2 =0, 2(0) =1, 2/(0) = 0.

Tpebyercst mpuBectu auddepeHnuaabHoe ypaBHeHNEe 2I0 MOPSIKA K CHCTeMe IBYX TudHepeHnaabHbIX YPaB-
HeHuil 1epBoro nopsika (UCHoIb3ys & = z, Y = 2’) U IPUMEHUTHh MeToJ| Diljiepa:

sage: t,x,y = PolynomialRing(RealField(10),3,"txy").gens()
sage: f =y; g=-x -y *t
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)

t X h*f (t,x,y) v h*xg(t,x,y)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

Urax, z(1) ~ 0.75.

MoxkHO mocTpouTh rpaduk s Touek (,y), IT00bI MOJIYINTh TPUOIU3UTEIBHBIN BU KpuBoii. DyHKIus
eulers_method_2x2_plot BBIIOIHHUT JAHHYIO 33/1a4Y; JIJIsl 9TOTO HAJO OLPEIeIUTh QyHKINY f U ¢, apryMeHT
KOTOPBIX MMEET TPU KOOPAUHATHL: (¢, , y).

sage: f = lambda z: z[2] # f(t,z,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,z,y) -sin(z)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

B sTor momentT P comepxkut B cebe mBa rpaduka: P[0] - rpaduk x mo ¢ u P[1] - rpaduk y mo t. Oba sTu
rpaduka MOTyT OBITh BBIBEJEHBI CJIELYIOMIM 00pa30M:

sage: show(P[0] + P[1])

2.4.5 CneuwmanbHble pyHKLUYN

HeckosibKO OPTOrOHAJILHBIX IIOJIMHOMOB ¥ CLIEIUAJIbHBIX (MYHKIMIL ocylnecTBieHsl ¢ nomonisio PARI /GAP/
n Maxima [Maz].

sage: x = polygen(QQ, 'x')

sage: chebyshev_U(2,x)

4%xx~2 - 1

sage: bessel_I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel_I(1,1).n()

0.565159103992485

sage: bessel_I(2,1.1).n(0)

0.167089499251049
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Ha nammbiit MoMeHT Sage paccMaTpuBaeT JaHHbIE (YHKIMHA TOJBKO JUIsT YUCJIEHHOrO mnpuMeHenwus. [ljist
CAMBOJIBHOT'O HCIIOJIb30BAHUS HY?KHO HAIIPAMYIO HUCIO/IH30BaTh nHTEepdeiic Maxima, Kak OMMCAHO HUWKE:

sage: maxima.eval("f:bessel_y(v, w)")
'bessel_y(v,w)"'

sage: maxima.eval("diff (f,w)")

' (bessel_y(v-1,w)-bessel_y(v+1,w)) /2"

2.5 MocTpoeHue rpacpunkos

Sage MOXKeT CTPOUTH JIByMEPHBIE U TPEXMEPHbIE I'PaUKH.

2.5.1 [eymepHble rpacukun

B sBymMepHOM TIpocTpaHCTBe Sage MOYXKET OTPUCOBBIBATH KPYTH, JJUHUA ¥ MHOTOYTOJIHLHUKY; TpaduKy (hyHK-
nuii B IEKAPTOBBIX KOOPIMHATAX; TAK2Ke I'Pa(UKN B MOJIAPHBIX KOOPAUHATAX, KOHTYPHbIE TPa@UKNA U U300~
pakeHust BEKTOpHBIX mosieit. HekoTopbie mpuMepnb! 6yayT oKa3aHbl HUKe. J[j1s1 6oJiee nCIepIbIBAIONIECH WH-
dopMmarmu 1o mocTpoeHno rpadukos cMm. Pewenue duddeperyuarvrunr ypasrenuts u Mazrima, a Takxke
nokymenTanuio Sage Constructions.

Jlannast KOMaHa MOCTPOUT KEJITYIO0 OKPY?KHOCTh pajuyca 1 ¢ IeHTPOM B HadaJe:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive

Tak>ke MOXKHO IIOCTPOUTH KPYT:

sage: circle((0,0), 1, rgbcolor=(1,1,0), £fill=True)
Graphics object consisting of 1 graphics primitive

MozxHO co3maBaTh OKPYXKHOCTh U 338]aBaTh €€ KaKoi-1nbo mepeMeHHoit. JJanubrit mpumep He OyJIeT CTPOUTH
OKPY2KHOCTb:

sage: ¢ = circle((0,0), 1, rgbcolor=(1,1,0))

Yro0b! TOCTPOUTH ee, ncrnoab3yiire ¢ .show() mmn show(c):

sage: c.show()

c.save('filename.png') coxpanut rpacduk B daiir.

Tenepn 31U ‘OKpyKHOCTH OOJIbIIE IIOXOXKU Ha JIIMIICHI, TAK KaK OCH MMEIOT Pa3HbIil MaciiTad. 9To MOXKHO
WCIIPABUTH CJIEYIONIIM 00pa30M:

sage: c.show(aspect_ratio=1)

Komanga show(c, aspect_ratio=1) BemmosHHAT TO kKe camoe. COXpaHUTH KAPTHHKY MOXKHO C IIOMOIIBIO
c.save('filename.png', aspect_ratio=1).

Crpontsb rpadukn 6a30BbIX GDYHKIHA JIETKO:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

2.5. Mocrpoenune rpacukos 19



http://doc.sagemath.org/html/en/constructions/

Sage Tutorial in Russian, Bbinyck 8.0

Kak TospKO MMs 11epeMeHHOIl OIIpeiesIEH0, MOXKHO CO3/1aTh IapaMeTpudecKuil rpaduk:

sage: x = var('x"')
sage: parametric_plot((cos(x),sin(x)"~3),(x,0,2*pi),rgbcolor=hue(0.6))
Graphics object consisting of 1 graphics primitive

Baxkno ormeruTh, 4T0 OCcu rpaduka OyILyT IepeceKarThCs JIUIIb B TOM CJIy4ae, KOIJa HAYaJ 0 KOOPIUHAT
HaXOJIUTCsl B II0JIe 3peHus rpaduKa, U 9TO K JOCTATOYHO DOJIBIIUM 3HAYEHUSIM MOXKHO IIPUMEHUTH HAyJIHOEe
0003HaYeHHE:

sage: plot(x~2,(x,300,500))
Graphics object consisting of 1 graphics primitive

MoxkHO 00beUHSATH TOCTPOEHUSI, J100aBJIsis UX JAPYT JIPYTY:

sage: x = var('x')

sage: pl = parametric_plot((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 = parametric_plot((cos(x),sin(x)"2),(x,0,2*pi),rgbcolor=hue(0.4))
sage: p3 = parametric_plot((cos(x),sin(x)"3),(x,0,2*pi),rgbcolor=hue(0.6))
sage: show(pl+p2+p3, axes=false)

Xopormmuii criocob co3IaHust 3aII0JHEHHBIX (DUTYp — CO3/IaHMe CIUCKa TOYeK (L B CIIYIONEeM IpUMeDe), a 3a-
TeM HCIO0JIb30BaHUE KOMAaH/bI polygon Jiuist TOCTPOeHUsI (pUTyphI ¢ TPAHUIAME, 0OPA30BAHHBIMA 33/ [AHHBIMU
Toukamu. K mpumMepy, co3aaiuM 3e/IeHbIN JeTbTO I

2]
[\
09
[0}
=
Il

[[-1+cos(pi*i/100)*(1+cos(pi*i/100)),

el 2xsin(pi*i/100) * (1-cos(pi*i/100))] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

Haneuaraiite show(p, axes=false), 4ToOBI He ITOKA3bIBATH Oceil Ha rpaduxke.

Mozxxuo mobaBuTh TEKCT Ha rpaduk:

sage: L = [[6*cos(pi*i/100)+5*cos((6/2)*pi*i/100),

et 6*sin(pi*i/100)-5*sin((6/2)*pi*i/100)] for i in range(200)]
= polygon(L, rgbcolor=(1/8,1/4,1/2))

text ("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show(p+t)

n mn
p o
0a 09
® O
o+ o
i

Vauress MaTEMATHKU YaCTO PUCYIOT CJIEIYIONIUil rpapuK Ha JOCKE: HE OJIHY BETBb arcsin, a HECKOJIbKO, T.€.
rpaduk byukiyu y = sin(x) mig x MRy —27 U 27, HePEeBEPHYTHIi 110 OTHOIIEHUIO K JIMHUU B 45 IpaJiyCcos.
Cremyromast KOMaHIa Sage MOCTPOUT BBIMIEYKA3AHHOE:

sage: v = [(sin(x),x) for x in srange(-2*float(pi),2*float(pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

Tak Kak OYHKIMS TAHTEHCA UMEET OOJIBINNI WHTEPBAJ, 9eM CHUHYC, IIPHU HUCIOJIH30BAHUU TOU JKE€ TEXHUKHI
JJIsI TIePEeBEPTHIBAHIS TAHTe€HCa TPeOyeTcs M3MEHUTh MUHUMAJbHOE U MAKCHMAJIHHOE 3HAYEHUS] KOODIMHAT
JJId OCU T:

sage: v = [(tan(x),x) for x in srange(-2*float(pi),2*float(pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sage TakKe MOYXKET CTPOUTH IpadUKU B MOJISPHBIX KOOPJINHATAX, KOHTYPHBIE OCTPOECHUS U M300paKeHUs
BEKTOPHBIX TIOJIeH (J1st crienuaabHbIx Buios dbyHKkuuit). Jasee cienyer mpumMep KOHTYPHOTO UepTerKa:
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sage: f = lambda x,y: cos(x*y)
sage: contour_plot(f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

2.5.2 TpexmepHble rpacduku

Sage Takyke MOXKeT OBITh UCIIOJB30BAH JIJIsI CO3/IAHUSI TPEXMEPHBIX I'padukoB. DTU rpaduKu CTPOSTCA C
HOMOIIBIO naKeTa [Jmol], KOTOpbIii MOIePKUBAET TOBOPOT U NPUOJINKEHUE KAPTUHKH C IIOMOIIBIO MbIIIIH.

Ucnonbsyiite plot3d, urobsl nocrpoutsh rpaduk dbyaxnuu dopmbl f(z,y) = 2:

sage: x, y = var('x,y")
sage: plot3d(x~2 + y~2, (x,-2,2), (y,-2,2))
Graphics3d Object

Eme moxxHO mcnosb3oBarh parametric_plot3d jyisi HOCTpOEHUs IPAUKOB MapaMeTPUIECKUX TOBEPXHO-
CTel, Te KaxK bl u3 ,y, 2 onpejesercs QyHKIMel 0HOl Wik JAByX [EPEeMEHHBIX (IapaMeTpbl; OObIYHO U
u v). Ipenpiaymuii rpaduk MOKeT ObITh BHIPAXKEH HAPAMETPUYECKH B CJIEJLYIONIEM BUJIE:

sage: u, v = var('u, v')

sage: f_x(u, v) = u

sage: f_y(u, v) = v

sage: f_z(u, v) = u™2 + v°2

sage: parametric_plot3d([f_x, f_y, f_z], (u, -2, 2), (v, -2, 2))
Graphics3d Object

Tperuit criocod MOCTPOUTH TPEXMEPHYIO ITOBEPXHOCTH B Sage - NCHOIb30BaHue implicit_plot3d, KOTODBIit
crpouT KOHTYpbI rpadukos dyuknuii, kKak f(x,y, z) = 0. Yrobbl nocTpouts cdepy, BO3MOIb3YeMCsl KIacCh-
qecKoit (hopMyIIOit:

sage: x, y, z = var('x, y, z')
sage: implicit_plot3d(x~2 + y™2 + z72 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

Hurke nokaszannl HECKOIBLKO IIPpUMEPOB:

Ckperennplii Kosmak (6JIU3KUHA POJACTBEHHUK IMUPOKO U3BECTHOrO Jincra Mébuyca):

sage: u, v = var('u,v')

sage: fx = (1+cos(v))*cos(u)
sage: fy = (1+cos(v))*sin(u)
sage: fz = -tanh((2/3)*(u-pi))*sin(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2xpi),
ceeat frame=False, color="red")
Graphics3d Object

Kpyuensrit Topon:

sage: u, v = var('u,v')

sage: fx = (3+sin(v)+cos(u))*cos(2*v)

sage: fy = (3+sin(v)+cos(u))*sin(2*v)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, O, 2xpi),
et frame=False, color="red")

Graphics3d Object
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Jlemnuckara:

sage: x, y, z = var('x,y,z')

sage: f(x, y, 2) = 4*x72 * (x"2 + y°2 + 272 +2) + y°2 % (y°2 +2°2 - 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object

2.6 PacnpocTtpaHéHHble npobnembl € pyHKLUUSAMN

Hexoropsie acnexrsl onpezesenus (yukuuii (Hampumep, s auddepeHniupoBanus Wik IOCTPOSHHs IPa-
duka) MoryT GBITH He siCHBI. B 9TOM pasjiesie Mbl 06palaeM BHIMAHUE Ha HEKOTOPble HanboJsiee pacipocTpa-
HEHHBIE TPODJIEMBI.

Jaiee oKa3aHbl HECKOJIBKO CIIOCOOOB OIIPEIEJIEHUs] TOTO, YTO MOYKHO HA3BaTh “‘GyHKIMER

. Om JIAT HKITA KaK OIHMCAHO B gte Qynkuyuu, omemynv, u cuwemyuku. JJis Takux
1. Oupenesnnre 10 Python, xax ommcano asnene @ , omemyno YUK a
GbYHKIINI MOYXKHO IMOCTPOUTDH rpaduku, HO npoanddepeHnnpoBaTh Wik MPOUHTEIPUPOBATD UX HEJIb3S.

sage: def f(z): return z"2
sage: type(f)

<... 'function'>
sage: £(3)
9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

ObpaTuTe BHUMaHUE HA CHHTAKCHUC B TOcjeaneil crpouke. plot (£(z), 0, 2) BblmacT ommubdKy, TakK KakK Z -
9TO IepeMeHHas-60JIBaHKa B ompe/iesiennu £, KoTopas He ollpejesieHa BHYTPHU JIaHHOM KoHcTpyKimu. [Ipocto
f (z) Boseparur ommbky. Chemyroiree O6ymer paboTaTh B JaAHHOM KOHTEKCTE, OJHAKO, B OOIIEM, BOSHUKHYT
HEKOTOPbIE 3aTPY/HEHUsI, HO OHU MOT'YT ObITh IIPOUIHOPUPOBAHBL (CM. IIYHKT 4).

sage: var('z') # onpedenenue nepemeHHol 2z OAL CUMBOALHLIT 8bl4UCACHUU
z

sage: f(z)

z"2

sage: plot(£f(z), 0, 2)
Graphics object consisting of 1 graphics primitive

B srom cayuaae £(z) - 3T0 CHMBOJIBHOE BBIpAXKEHHE.

2. OmpeiesnM “BbI3BIBAEMOE CUMBOJIBHOE BbIpaxkenue”. OHO MoKeT ObITh MpoudhepeHIupOBAHO, TIPOMHTE-
IPUPOBAHO, & TaKyKe MOYKHO IIOCTPOUTH €ro rpaduk.

sage: g(x) = x72

sage: g # g omobpaxaem T 6 T2
x |--> x"2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

x |--> 2%x

sage: Dg(3)

6

sage: type(g)

<type 'sage.symbolic.expression.Expression'>

sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive
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Ecnu g — 310 BBI3BIBaEMOE CHIMBOJIBHOE BBIpakeHue, g(X) — 3TO CBA3SHHBIN ¢ HUM 00bEKT, HO JPYTOro BH/IA,
JIJISI KOTOPOT'O MOXKHO TIOCTPOUTH IPpadUK M KOTOPBIN MOXKHO JudHepeHImrupoBaTh U T.II.

sage: g(x)

X2

sage: type(g(x))

<type 'sage.symbolic.expression.Expression'>

sage: g(x).derivative()

2%x

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3. MoKHO MCIOJIB30BAaTh yIKe OIpeeeHHyo MyHKIuio Sage — ‘DyHKIuo ncanciaenus’. s nee Moxer
OBLITH TIOCTPOEH IpaduK, OHA MOXKET OBITH MpoanddepeHIIPOBaHa U TPOMHTEIPUPOBAHA.

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<type 'sage.symbolic.expression.Expression'>

sage: plot(sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

Cama 110 cebe pyHKIMs sin He MOXKeT ObITh mpoaud dhepeHInpoBaHa, o0 KpaiiHeil Mepe, He MOXKeT IIPOu3-
BECTH COS.

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError:

Wcnonpzosanme f = sin(x) BMecTo sin paboTaer, HO JIyHIe UCHOMB30BATh £ (x) = sin(x) ajs TOro, 9To6bI
OTIPEJIC/ITH BBI3BIBAEMOE CHMBOJIBHOE BBIPAYKEHUE.

sage: S(x) = sin(x)
sage: S.derivative()
x |--> cos(x)

Hasee cienyor HEKOTOPBIE 00IIHe TPOOIEMbI ¢ 00bACHEHUEM:

4. CiyuaiiHasi OIEHKA.

sage: def h(x):

et if x<2:

R return 0O
et else:

et return x-2

IIpobnema: plot(h(x), 0, 4) mocrpour kpuBywo y = x — 2. Ilpuumna: B komanme plot(h(x), 0, 4)
cHaJdaja oneHnBaercs h(x), 9To O3HAYAET MOJICTABKY X B (ODYHKIINIO h 1 OIeHKYy X<2.

sage: type(x<2)
<type 'sage.symbolic.expression.Expression'>

Pemmenne: He ucnosnssyiite plot (h(x), 0, 4); ucnoanp3yiire:
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sage: plot(h, 0, 4)
Graphics object consisting of 1 graphics primitive

5. OmmbovIHOe cO3/IaHne KOHCTAHTHI BMECTO (DYHKITUH.

sage: f = x

sage: g = f.derivative()
sage: g

1

IIpoGaema: g(3), manpumep, Bo3Bparut ommoKy ¢ coobinenueM “ValueError: the number of arguments must
be less than or equal to 0.”

sage: type(f)
<type 'sage.symbolic.expression.Expression'>
sage: type(g)
<type 'sage.symbolic.expression.Expression'>

g He ABJIFeTCs d)yHKHPIefI, 9TO KOHCTaHTa, IIO3TOMY OHa HE MMEET IIE€PEMEHHBIX, 1 Bbl MO2KETE€ BCTaBJIATH ITO
yroJaHo B Hee.

Pemenne: ectb HECKOJIBKO BO3MOXKHBIX HyTef/'I.

L] OnpeﬂeJme f n3HavYaIbHO KaK CUMBOJILHOE BbIpazKeHue.

sage: f(x) = x # emecmo 'f = z'
sage: g = f.derivative()

sage: g

x |-->1

sage: g(3)

1

sage: type(g)
<type 'sage.symbolic.expression.Expression'>

e JIubo BMmecTe ¢ f, onpesiesIeHHOIT BBIIIE, ONPEJETUTh & KAK CHMBOJIBHOE BBIPAyKEHIE.

sage: £ = x
sage: g(x) = f.derivative() # emecmo 'g = f.derivative()'

sage: g
x |-->1
sage: g(3)
1

sage: type(g)
<type 'sage.symbolic.expression.Expression'>

e JIubo c f u g, 3a/JaHHBIMU, KaK [TOKA3aHO BBIIIE, CO3/IATh IIEPEMEHHYIO, 110/l KOTOPYIO IIO/ICTABJISIOTCS
3HAYEHUS.

sage: £ = x
sage: g = f.derivative()

sage: g
1
sage: g(x=3) # emecmo 'g(3)'
1

Ectb eme oqun criocod, Kak OnpeenTs pa3indne Mex Iy npoun3BogabiMa £ = x u £(x) = x
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sage: f(x) = x

sage: g = f.derivative()

sage: g.variables() # nepemenusie, kKomopele npucymcmeywm 6 g
0O

sage: g.arguments() # apzymenmsi, Komopsle Mozym 6bimb nodcmaeiersl € g
(x,)

sage: £ = x

sage: h = f.derivative()

sage: h.variables()

0O

sage: h.arguments()

O

Kak mokasbiBaeT JaHHBIN IpUMEDP, h He TPUHUMAET apryMeHTOB, mo3ToMy h(3) BepHET OmuoKy.

2.7 OcHoBHble KOJbLLA

IIpu oObsiBIeHUE MaTpuil, BEKTOPOB WJIA MTOJMHOMOB JIJIsi HUX WHOTJA ITOJIE3HO, & WHOTIA W HEeOOXOIMMO
OIIPENIEIATH “KOJIbIA”, Ha KOTOPBIX OHU ONpeeaeHbl. K04b10 - 9TO MaTeMaTH9IeCcKas KOHCTPYKIIUsI, B KOTOPOi
CYIIECTBYIOT OIIPE/IeJIEHHbIE TIOHITHS CyMMBI U ITpon3Beienusi. Eciin Bbl HUKOTIa O HUX HE CJIBIIIAJN, TO BaM,
BEPOSITHO, JIOCTATOYHO 3HATH 00 ITUX YETHIPEX YACTO UCIOJIB3YEMBIX KOJIHIIAX:

e 1esible yncaa {...,—1,0,1,2, ...}, HaseiBaemble ZZ B Sage.

® DAIMOHAJIbHBIE JHC/Ia — HAIIPUMED, APOOM MM OTHOIIEHUS IEJIbIX Juces —, Ha3biBaembie QQ B Sage.
® BeIeCTBEHHBIE YNCJIa, Ha3biBaeMble RR B Sage.

® KOMILJIEKCHBIE YHCJIa, Ha3biBaeMble CC B Sage.

SHaHUE PA3IUYIUil MEXIy MaHHBIMHU KOJIBIAME OYEHb Ba)XKHO, TAK KAaK OJUH U TOT Ke IOJIMHOM, OIpejIe-
JIHHBI B PAa3HBIX KOJILIAX, MOXKET BecTH cebs Io-pasHoMy. Hampumep, moiumaoM 22 — 2 mMeeT 1Ba, KOPHSL:
++/2. DTH KOPHHE He SBJISIOTCS PAIMOHAIBHBIME UHCIAMHE, IIOSTOMY €CIIH BBI PabOTaeTe ¢ MOJMHOMAMIE C
panuoHaIHLHBIME KOIMMUIIMEHTaAME, TO TOJIMHOM He Oyer pasjararbcst Ha MHOKUTETH. C BEemecTBeHHBIMU
Koaddurmentamu — 6yaeT. [lo9TOMY CTOUT ONpPEAETUTH KOIBIIO, YTOOBI OBITH YBEPEHHBIM, UTO MOy I€HHDBIH
pesyibraT Oyer npaBuiibHbIM. CIre Iy oIue JIBe KOMaHIbl 33/ a0T MHOYXKECTBA [TOJIMHOMOB C PAI[HOHAJBHBIMUI
ko3 urmeHTaMu 1 BeIeCTBeHHbBIMU KoddduimenTamMu coorBeTcTBeHHo. MHuokecTBa HazBaHb! ‘ratpoly” u
“realpoly”, HO 9TO He CTOJIb BaXKHO B JAHHOM KOHTEKCTE, OTHAKO CHMBOJIbHBIE codeTraHus ~.<t>" m 7.<z>"
SIBJISIIOTCS. HA3BAHUSIMU [T€PEMEHHBIX, UCIIOJIb30BAHHBIX B JBYX CJIyYasX.

sage: ratpoly.<t> = PolynomialRing(QQ)
sage: realpoly.<z> = PolynomialRing(RR)

@akropusupyeMm 2 — 2:

sage: factor(t~2-2)

t72 - 2

sage: factor(z~2-2)

(z - 1.41421356237310) * (z + 1.41421356237310)

CumBost I 0bo3HaYaeT KBAJIPATHBIN KOpeHb u3 —1; i — 370 TO XKe camoe, uro I. Konedno, 3To He parmo-
HaJIbHOE YUCJIO:

sage: 1 # keadpamnuslli kopens us -1
I

sage: 1 in QQ

False
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Samerka: Bplmeonucanuplii KoJi MoKeT paboTaTh He Tak, KaK 3aJyMbIBAJIOCh, €CJU MEePEMEHHON i ObLIO
3aJIlaHO0 JIpyTroe 3HavueHue, HAIPUMEp, €CJU OHO OBLIO HCIIOJb30BAHO, KaK CUETYUK JJIsd IUKJa. B TakoMm
cJIydyae BBEJIUTE

sage: reset('i')

JJIgd TOTO, YTOOLI TIOJIYIUTH U3HaAYaJIbHOEC KOMIIJIEKCHOEC 3HAYCHUE i.

Ectb omra TOHKOCTE B 3a/1aHINN KOMILUIEKCHBIX 9HCEJ: KAK OMMCAHO BBIIIE, CUMBOJI 1 IIPEICTaBIIsIeT KBAIPAT-
HBII KOpPeHb U3 —1, HO 9T0 PoPpMaNOHbIT WA CUMBOAUYHBIT KBaAPaTHBI Kopenb u3 —1. Bersos CC(1) mau
CC.0 BepHET KoMNAEKCHOIT, KBAIPATHBIN KOpeHb n3 —1.

sage: i = CC(1) # komnaekcroe wucao ¢ naagaiyel 3ansmol
sage: 1 == CC.0

True

sage: a, b = 4/3, 2/3

sage: z = a + b¥i

sage: z

1.33333333333333 + 0.666666666666667*1

sage: z.imag() # MHuMmas vwacme

0.666666666666667

sage: z.real() == a # aemomamuvueckoe npueederHue munoe neped CPABHEHUEM
True

sage: a + b

2

sage: 2%b == a

True

sage: parent(2/3)
Rational Field
sage: parent(4/2)
Rational Field

sage: 2/3 + 0.1 # aemomamuvweckoe npusederue munoe neped CAOKEHUEM
0.766666666666667
sage: 0.1 + 2/3 # npueedenue munoe e Sage CuMMEMPUYHO

0.766666666666667

Hasee cremyror mpumepsl 6a30BbIX KoJieln B Sage. Kak oTMedeHo BBIIIe, KOJIBIO PAIMOHAJIBHBIX IUCET 000-
snavaercd Kak QQ, a Takxke Kak RationalField() (nose - 9T0 KOJIbIO, B KOTOPOM IPOU3BEIECHUE SABJISETCS
KOMMYTATHBHBIM U B KOTOPOM KaKJbIil HEHYJIEBOil 3JileMeHT MMeeT OOPATHYIO BEJIMYUHY B 9TOM KOJIble (pa-
IMUOHaJIbBHBbIE YHUCJIa ABJIAIOTCA IIOJIEM, a IieJIbIe - HeT)Z

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

Hecsaruamroe 1nciio 1.2 paccMaTpuBaeTcs Kak QQ: JeCITUIHBIE TICIa, KOTOPBIE TAKKe SIBSIOTCS PAInOHA b
HBIMHI, MOTYT GBITH “IPHBEIEHb]” K PAIMOHAIBHBIM dncaaM. Yucaa m 1 /2 He sSBISIOTCS PAIMOHAIBHBIMHE:

sage: 1.2 in QQ
True
sage: pi in QQ
False
sage: pi in RR
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True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC
True

,Z[J'IH HMCIIOJIb30BaHUS B BBICIIEl MaTeMaTUKe Sage TaK2>Ke MO2KET BBIIIOJIHATH Oll€palun C APYIUMHU KOJIbIa-
MM, KaK KOHEYHbIC IIOJIA, P-aJUYIeCKUuEe 4YucCjia, KOJIbITO anre6pa1/1quKI/Ix quceJi, IIOJJMHOMUAJIbHBIE KOJIbIla 1
MaTpUYIHbIE KOJIbIla. ,Haﬂee IIOKa3aHbl HEKOTOPbIE U3 HUX:

sage: GF(3)

Finite Field of size 3

sage: GF(27, 'a') # ecau nose He npocmoe, HYXHO 3a0aMb UMS 2eHEPAMOPA
Finite Field in a of size 373

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # aszebpauveckoe zamsikarue [

True

2.8 JlnHeinnas anrebpa

Sage monep:KuUBaeT CTaHIAPTHBIE KOHCTPYKINKA W3 JIMHEHHOM ajareOpbl, KAK XapaKTePUCTHIECKUE TOJIIHO-
MBI, CTyHneHYaTbie (POPMBI, CyMMBI 3JIEMEHTOB [VIABHON AMATOHAJIN MATPUIIBI, PA3JIOKEHUS.

CO3,£LaBaTb 1 IIepEeMHO2KaTh MaTPUIbI JIEI'KO:

sage: A = Matrix([[1,2,3],[3,2,11,[1,1,111)
sage: w = vector([1,1,-4])

sage: wkA

(0, 0, 0)

sage: A*w

(-9, 1, -2)

sage: kernel(A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

(1 1-4]

Pemenne mMaTpudHBIX ypaBHEHHUI TaKKe BBINOJIHAETCS 0€3 3aTPYIHEHUIl, HCIOIb3ysad MeTox solve_right.
Borunciienne A.solve_right (Y) BosBparut Marpuiy (uwmu BekTop) X takoii, uro AX =Y

sage: Y = vector([0, -4, -11)
sage: X = A.solve_right(Y)
sage: X

(-2, 1, 0

sage: A * X # npoeepka. ..
0, -4, -1)

\ MOKeT OBITH UCIIOJb30BaH BMeCcTO solve_right; ncnosb3yiite A \ Y Bmecto A.solve_right (Y).

sage: A\Y
(-2, 1, 0)

Ecnu permenns e cymecrByer, To Sage BepHET OIUOKY:
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sage: A.solve_right(w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

Ucnonp3yiite A.solve_left (Y), urober Haittu X B XA = Y. Sage MokKeT HaXOAUTh COOCTBEHHOE UHCIO U
COOCTBEHHBIN BEKTOP:

sage: A = matrix([[0, 4], [-1, 0]11)
sage: A.eigenvalues ()

[-2xI, 2xI]

sage: B = matrix([[1, 3], [3, 111)
sage: B.eigenvectors_left()

[4, [
(1, 1)
1, O, -2, [
(1, -1)

1, DI

(Pesynbrar eigenvectors_left - 910 crmcoK Tpoek: (COOCTBEHHOE YUCJIO, COOCTBEHHBIN BEKTOP, MHOI000-
pa3ne).) CobcrBennble yncia 1 BeKTopa i QQ miu RR Takyke MOI'yT OBITh BBIYHMCJIEHBI ¢ IOMOIIbI0 Maxima
(em. Mazima).

Kak ykazano B pazuesne Ocrogibie K0abUa, KOJIbIO, B KOTOPOM OIIPe/Ie/IeHa MATPUIIA, BIUSIET HA HEKOTOPHIE
ee csoiicTBa. B ciesyronem npruMepe rmepsblif apryMeHT KOMaH bl matrix coobmaer Sage, 4TOObI MaTpUIA
paccMaTpUBaJIaCh KaK MATPHIA IEIbIX duces (ciaydail ¢ ZZ), Kak MaTpulla paruoHa bHbIX nced (QQ) win
KaK MaTpulia BemecTBeHHbix yuces (RR):

sage: AZ = matrix(ZZ, [[2,0], [0,1]11)
sage: AQ = matrix(QQ, [[2,0], [0,111)
sage: AR = matrix(RR, [[2,0], [0,1]1])
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

s Beraucenns COOCTBEHHBIX 3HAYEHUH 1 COOCTBEHHBIX BEKTOPOB MATPHUIL AEHCTBUTEHHBIX MM KOMILIEKC-
HBIX YUCEJI C IUIaBaoleil ToUKoil, Marpuia no/KkHa 66Tk onpenesena uHa RDF (Real Double Field) win CDF
(Complex Double Field), coorsercreenno. Eciu Kosbiio He yKa3aHo, 1 B MaTPUIle MCHOJIb3YIOTCH IefiCTBI-
TeJIbHBIE WM KOMILIEKCHBIE KOHCTAHTBI C IIJIABAMOIIEH TOUKOMN, TO (110 yMOJIYAHWIO) OHA ONDEJIENIeHa HAl| He
BCerja MOJJIEPKUBAIOIIAME TaKue BblaucjeHus mojsiMu RR wim CC, COOTBETCTBEHHO:

sage: ARDF = matrix(RDF, [[1.2, 2], [2, 311)

sage: ARDF.eigenvalues() # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 3]1)

sage: ACDF.eigenvectors_right() # rel tol 3e-15

[(0.8818456983293743 - 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589 + 0.
—2387941530333261*I)], 1),

(3.3181543016706256 + 0.8209140653434133+I, [(0.14559469829270957 + 0.3756690858502104*I, O.
-9152458258662108)]1, 1)]
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2.8.1 MaTpuyHoe NpocTpaHCTBO

Cozmaaum npocrpancto Matsys(Q), cocrosinee u3 Marpuiy 3 X 3 ¢ 9JIeMEHTAMU U3 PAIMOHAJILHBIX THUCEJI:

sage: M = MatrixSpace(QQ,3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(dust TorO, 9TOGRI CO31ATH IPOCTPAHCTBO U3 MaTpull 3 Ha 4, ncnosb3yiite MatrixSpace (QQ,3,4) . Ecsm unc-
JIO CTOJIOIOB He YKA3aHO, [0 YMOJYAHUIO OHO Oy/leT paBHO duciy cTpok (MatrixSpace(QQ,3) SKBUBAJEHTHO
MatrixSpace (QQ,3,3).) MarpudHoe IpOCTPAHCTBO CHAGXKEHO €ro KAHOHUIECKON 6a30ii:

sage: B = M.basis()
sage: len(B)

9

sage: B[0,1]
[0 1 0]

[0 0 0]

[0 0 0]

Cozmaaum MaTpuily Kak dJieMeHT M.

sage: A = M(range(9)); A
(01 2]
[3 4 5]
[6 7 8]

,Z[aﬂee IIOKazKEM BBIMHUCJIEHHE MaTPUII, OIIPEAECJICHHBIX B KOHCYHDBIX ITOJIAX:

sage: M = MatrixSpace(GF(2

O =
=D
O O v

sage: A = M([1,1,0,0, 1,1, 1,0,0, 1,0,1,1,
et 0,0,1,0, 1,1,0,1, 0,0,1,1, 1,1,1,0]1)
sage: A

[11001111]

[01 00101 1]

[00101101]

[OO0111110]

sage: rows = A.rows()

sage: A.columns()
(¢t, o, o, 0y, (¢, 1, 0, 0), (0, 0, 1, 1), (0, 0, 0, 1),
1,1,1, 1), (1,0,1, 1), (1, 1,0, 1), (1, 1, 1, 0)]

2 O) O) 17 O’ 13 1))
1, 1 1, 1, 0]

CozmaauM moanpocTpancTBo B Fo, OXBaThIBAOIIEE BBHIIEIIEPEINCIEHHBIE CTPOKH.

sage: V = VectorSpace(GF(2),8)
sage: S = V.subspace(rows)
sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:
[10000100]
[01001011]
[00101101]
[00010011]

sage: A.echelon_form()
[10000100]
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[01 00101 1]
[0010110 1]
[0001001 1]

2.8.2 Pa3spexxeHHasi nuHeliHas anrebpa

Sage HOIEPKUBAET PA3PEKEHHYIO JIMHEHHYIO aaredpy.

sage: M = MatrixSpace(QQ, 100, sparse=True)
sage: A = M.random_element (density = 0.05)
sage: E = A.echelon_form()

MynbTuMOYJIbHBI aJropuT™M B Sage paboTaeT XOPOINo Jis KBaJpaTHBIX MATPHI] (HO HE TAK XOPOLIO s
HEKBAIPATHBIX MATPHII):

sage: M = MatrixSpace(QQ, 50, 100, sparse=True)
sage: A = M.random_element (density = 0.05)

sage: E = A.echelon_form()

sage: M = MatrixSpace(GF(2), 20, 40, sparse=True)
sage: A = M.random_element ()

sage: E = A.echelon_form()

3amernre, uro B Python ucrnosib3oBanme 3arjaBHBIX OYKB UTPAET POJIb:

sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):
TypeError: __classcall__() got an unexpected keyword argument 'Sparse’

2.9 lNMonnHombl

JlaHubIi paszest copepKuUT nHGOPMAIIIO O TOM, KaK CO3/[aBaTh U UCIOJIb30BATH MOJUHOMBI B Sage.

2.9.1 lMonnHombl ogHOl NepemeHHoOM’

Ectp Tpu criocoba, CO3JaHuA ITOJIMHOMMAJILHBIX KOJICII.

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

JlaHHBIN C110CO6 CO3/1ACT MTOJIMHOMUAJIBHOE KOJIBIIO U YKAXKET Sage UCIO0JIb30BaTh CTPOKY ‘t’ B KauecTBe HEU3-
BECTHOI'O IIPU BBIBOJIE Ha 9KpaH. OHAKO, 9TO He OlpeJesisieT CUMBOJI t JIJIsl UCIIOJIb30BaHUs B Sage, TaK 4To
HeJIb3s TP TIOMOTIA Hero BBeCTH moiamHoM (Kak t2 + 1), mpunareskarnmmii R.

Hpyroit cocob:

sage: S = QQ['t']
sage: S ==
True
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DTOT CII0cOb UMeeT Ty Ke IPOobJIEMy 10 OTHOIIEHUIO K t.

Tpernii criocob GoJiee yI0OHBIM

sage: R.<t> = PolynomialRing(QQ)

njan

sage: R.<t> = QQ['t']

WU JIaXKe

sage: R.<t>

QQrl

DTOoT crocobd BeUeT 3a cOOO 0ObsIBICHUE MEPEMEHHONH t KakK HEM3BECTHOrO B IMOJMHOMUAJILHOM KOJIBIE
TaK, YTO ee MOXKHO UCIIOJIb30BaTh [P CO3JAHUU JEMEHTOB R, Kak onucaHo Huxke. (3amersre, 4ro Tpernit
crrocob TTOX0XK Ha 0003HAYeHNe KOHCTPpYKTOpa B Magma, u, Kak B Magma, o MOKeT ObITh UCIOJIH30BAH JIJTs
mUpoKoro Habopa 00bEKTOB.)

sage: poly = (t+1) * (t+2); poly
t72 + 3%t + 2

sage: poly in R

True

Kaxoit 651 CII0CO6 HI HCIIOIBL30BAJICS JJIsT 33/ [aHMUS ITOJMHOMHAIBHOTO KOJIbIA, MOYKHO BBIWJIEHUThH HEN3BECT-
Hoe B Buze 0% reneparopa:

sage: R = PolynomialRing(QQ, 't')
sage: t = R.0

sage: t in R

True

IToxoxkast KOHCTPYKIUSA UCIIOJIb3YyeTCA JIJIsl KOMIIJICKCHBIX 9UCEJI: KOMILJIEKCHbIEC 9INCJIa MOT'YT OLITH paccMOT-
PEHBI KaK I'¢eHEepUPOBAaHHDBIC U3 BEIIECCTBEHHBIX YHCEJI C UCIIOJIb30BaHUEM CHMBOJIA 1, U3 3TOr'o CJIeAyerT:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # 0-oi zenepamop CC
1.00000000000000*I

JJTsT MOTMHOMUAJIBHBIX KOJTEIT MOYKHO TTOJIYIUTh U KOJIBIIO, U €10 T€HEPATOP, WU MIPOCTO TeHEPATOP BO BPEMSI
CO3/IaHUS KOJIbIIA!

sage: R, t = QQ['t'].objgen()
sage: t = QQ['t'].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQL't'])

Hakomerr, MO’KHO COBEPIIUTH HEKOTOPbIe apudmerndeckue onpepanuu B Q|t].

sage: R, t = QQ['t'].objgen()

sage: £ = 2%t~7 + 3*%t~2 - 15/19

sage: £72

4xt~14 + 12%t~9 - 60/19%t~7 + 9%t~4 - 90/19%t~2 + 225/361
sage: cyclo = R.cyclotomic_polynomial(7); cyclo
t76+t5+t4+t73+t72+t +1

sage: g = 7 * cyclo * t75 * (t75 + 10*t + 2)

sage: g
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T*t~16 + 7*t~15 + 7*t~14 + 7xt~13 + 77*t~12 + 91xt~11 + 91*%t~10 + 84*t~9
+ 84%t~8 + 84%t”7 + 84xt~6 + 14%t~5

sage: F = factor(g); F

(7) * t°5 % (t°5 + 10%t + 2) * (t°6 + t°5 + t74 + t73 + t°2 + t + 1)

sage: F.unit()

7

sage: list(F)

[(t, B), (t°5 + 10t + 2, 1), (t°6 + t°5 +t°4 +t°3+t°2+t+1, 1)]

Jlesienne qBYX TOJUHOMOB CO3/IACT SJIEMEHT B IIPOOHOM I0Jie, 9TO OyJEeT CAeIaH0 Sage aBTOMATHIECKH.

sage: x = QQ['x'].0

sage: £ =x3+ 1; g=x"2 - 17

sage: h = f/g; h

x"3 + 1)/(x"2 - 17)

sage: h.parent()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

Vcnons3ys psmaer JIopana, MOXKHO TIOCIUTATH PA3JIOKEHUE B Psifi B ApodbroM mosre QQ [x]:

sage: R.<x> = LaurentSeriesRing(QQ); R

Laurent Series Ring in x over Rational Field

sage: 1/(1-x) + 0(x~10)

1 +x+x"2+x"3+x"4+x5+x76+x77+x78+x79+ 0(x"10)

Ecinu nassarn IIepeMEeHHYIO ITO-JIPYTOMY, MO2KHO IIOJIy9UTH JAPYyroe OJHOMEPHOE ITOJIMHOMHAJIBHOE KOJIBIIO.

sage: R.<x> = PolynomialRing(QQ)
sage: S.<y> = PolynomialRing(QQ)
sage: x ==y

False

sage: R == §

False

sage: R(y)

X

sage: R(y~2 - 17)

x"2 - 17

Kousbiio onpenensercs mepemennoit. O6paTuTe BHIMAHNE, YTO CO3JAHUE €€ OTHOTO KOJIBIA C IEePEeMEHHON
X He BEPHET APYTOro KOJIbIA.

sage: R = PolynomialRing(QQ, "x"

sage: T = PolynomialRing(QQ, "x")
sage: R ==

True

sage: R is T

True

sage: R.0 == T.0

True

Sage momepKUBaET KOJbIA CTEMEHHBIX PANOB U psanoB Jlopana s moboro 6asucHoro Kosbna. B cremyio-
1meM npuMepe cozgaauM sseMent n3 Fr7[[T]] u mogennm, arobsl coznars smement u3 Fr((T)).

sage: R.<T> = PowerSeriesRing(GF(7)); R

Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3%T"2 + T~3 + 0(T"4)

sage: £73

T~3 + 2xT~4 + 2xT~5 + 0(T"6)
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sage: 1/f

T~-1+ 4 + T + 0(T"2)

sage: parent(1/f)

Laurent Series Ring in T over Finite Field of size 7

Tax>ke MOXKHO CO3aBaTh KOJIbIla CTECIICHHBIX DAJTO0B, UCIIOJIb3YA ,ZLBOI';IHBIQ CKOOKIU:

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

2.9.2 MonnHOMbI HECKONIbKNX NepeMeHHbIX

I[JIH pa6OTI:I C ITIOJIMHOMaMU C HECKOJIbBKUMU IIepEeMEeHHbIMU, CHa4YaJ1a Ha 10 00BSIBUTH HOJUHOMUAILHOE KOJIBIIO
u 1IIepeMeHHbIe.

sage: R = PolynomialRing(GF(5),3,"2") # sdect 3 - 5mo 4ucao nepemerHsiz
sage: R
Multivariate Polynomial Ring in z0O, zl, z2 over Finite Field of size 5

Tax Ke, KaK U JIJis1 OZJHOMEPHBIX ITOJIMHOMOB, CYIIECTBYET HECKOJILKO HyTefII

sage: GF(5)['z0, z1, z2']

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

YT00BbI NMEHA MEPEMEHHBIX COCTOSIN 13 OYKB, HAJIO UCIIOJIb30BATH CJIELYIOIIEe:

sage: PolynomialRing(GF(5), 'x, y, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

Hewmuoro apudmernku:

sage: z = GF(5)['z0, z1, z2'].gens()

sage: z

(z0, z1, z2)

sage: (z[0]+z[1]+z[2])"2

z07"2 + 2%z0%zl + 2172 + 2%z0%z2 + 2*zl*z2 + z272

MozkHO uCIIob30BaTh 60JIee MaTeMaTudIecKoe 0603HaTeHNe, ITOOBI TIOCTPOUTD TTOJTUHOMUAILHOE KOJIBITO.

sage: R = GF(B) ['x,y,z']

sage: X,y,z = R.gens()

sage: QQ['x']

Univariate Polynomial Ring in x over Rational Field

sage: QQ['x,y'].gens()

(x, )

sage: QQ['x'].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x,))

MmuoromepHbie TOJUHOMBI BHEJIPDEHBI B Sage ¢ UCHoJb3oBanueM ciaoBapeil Python. Sage ncmosb3yer Singular
[Si] nost Berauncoennit HOJL u 6asuca ['pébuepa nmeasos.

sage: R, (x, y) = PolynomialRing(RationalField(), 'x, y').objgens()
sage: f = (x73 + 2%y~2#%x)"2
sage: g = X"2%y~2
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sage: f.gcd(g)
x"2

Coznamum unean (f, g), renepupoBannniit u3 f u f ymuoxxenuem (f,g) Ha R.

sage: I = (f, g)*R; I

Ideal (x76 + 4*x~4xy~2 + 4*x~2%y~4, x~2%y~2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[x~6, x~2xy~2]

sage: x72 in I

False

Kcrarn, 6a3uc ['pébaepa gBJIsSETCS HE CIIUCKOM, & HEU3MEHSIEMON MMOCIeI0BATEILHOCTHIO. DTO O3HATAET, ITO
y HEro ecTb YHUBEPCYM, POAUTENb M YTO OH HE MOXKET OBITh M3MEHEH (4TO XOPOIIO, HOCKOJIbKY U3MEHEHHe
6asuca HapyImmiIo OBl ApyTHe onepanuu, ucnosbykomue 6asuc I'pébrepa).

sage: B.universe()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Hekoropast komMmyTaTuBHas ajrebpa JOCTyIHA B Sage U BHeJpeHa ¢ nmoMorbio Singular. K mpumepy, MmoxxuO
[TOCYUTATH IPUMAPHOE PA3JIOXKEHHE U IIPOCThIE COOTBETCTBYIOIME Jjist [

sage: I.primary_decomposition()

[Tdeal (x72) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y~2, x"6) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes()

[Tdeal (x) of Multivariate Polynomial Ring in x, y over Rational Field,

Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

2.10 KoHeu4Hble rpynnbl, Abenesbl rpynnobl

Sage HoJIEepKUBACT BHIYUCIEHHs C MPYIIIAMYU [I€PECTAHOBOK, KOHEYHBIMU KJIACCHYECKUMU IpylmnaMu (Kak,
unanpumep, SU(n,q)), KOHEYHBIMA MATPUYHBIMU IPyIIAMU (C COOCTBEHHBIMEU I'€HEPATOPAMU) U CPYIIIAMA
Abens (maxe ¢ 6eckoneunsiMu). MHuoroe u3 sroro ocyiecrsisiercs nocpeicrsoM unrepdeiica k GAP.

Hampumep, 9ToOBI TOCTPOUTDH IPYIITY MEPECTAHOBOK, HAJIO 33/IaTh CIIMCOK T'€HEPATOPOB:

sage: G = PermutationGroup(['(1,2,3)(4,5)", '(3,4)'])
sage: G

Permutation Group with generators [(3,4), (1,2,3)(4,5)]
sage: G.order()

120

sage: G.is_abelian()

False

sage: G.derived_series() # random output

[Permutation Group with generators [(1,2,3)(4,5), (3,4)],

Permutation Group with generators [(1,5)(3,4), (1,5)(2,4), (1,3,5)]]

sage: G.center()

Subgroup of (Permutation Group with generators [(3,4), (1,2,3)(4,5)]) generated by [()]
sage: G.random_element () # random output
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(1,5,3)(2,4)
sage: print(latex(G))
\langle (3,4), (1,2,3)(4,5) \rangle

Tak:ke MOXKHO TIOJIYIUTh CUMBOJIbHYTIO Tabuiy B dhopmate LaTeX:

sage: G = PermutationGroup([[(1,2),(3,4)], [(1,2,3)]1])
sage: latex(G.character_table())

\left (\begin{array}t{rrrr}

1&1&1&1\\

1 & -\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & -\zeta_{3} - 1 & 1 \\

3&0&0& -1

\end{array}\right)

Sage TaKzKe BKJIIOUaeT B ce0sl KIACCUIECKUe U MaTPUIHbBbIC I'PYIIILI JJId KOHECYHbIX OJIEN:

sage: MS = MatrixSpace(GF(7), 2)

sage: gens = [MS([[1,0],[-1,111),MS([[1,1],[0,111)]

sage: G = MatrixGroup(gens)

sage: G.conjugacy_classes_representatives()

(

[tol] [0oe] [04] [60] [06] [04] [0e6] [06] [06] [40]
(o 11, [1 5], [5 5], [0 6], [1 2], [5 2], [1 0], [14], [13], [02],

[5 0]
[0 3]
)
sage: G = Sp(4,GF(7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output

[65 55 1]

(026 3]

(6 0 10]

[4 6 3 4]

sage: G.order()

276595200

Tak>ke MOXKHO IIPOU3BOJUTDL BbIYUCJ/ICHUA C I'DYIIIIaMA Abens (KOHe‘{HbIMI/I u 6eCKOHe‘IHLIMI/I)Z

sage: F = AbelianGroup(5, [5,5,7,8,9], names='abcde')
sage: (a, b, ¢, d, e) = F.gens()

sage: d * b**2 *x c*x*x3

b~2%c~3*d

sage: F = AbelianGroup(3,[2]%*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3
sage: AbelianGroup(5)

Multiplicative Abelian group isomorphic to Z x Z x Z x Z x Z
sage: AbelianGroup(5).order()

+Infinity
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2.11 Teopus yucen

Sage mMmeer OOMUPHYIO (DYHKIIMOHAJIBHOCTD B IJIAHE TEOPUH Yuces. Hampumep, MOKHO TPOU3BOINTH apud-

Mmernueckue oneparyn B Z/NZ:

sage: R = IntegerModRing(97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction()
2/3

sage: b = R(47)
sage: b~20052005

50

sage: b.modulus()
97

sage: b.is_square()
True

Sage comepKutT crangapTabie byHKIME Teopun dnces. Hampumep,

sage: gecd(515,2005)

5
sage: factor(2005)
5 % 401

sage: ¢ = factorial(25); c
156511210043330985984000000

sage: [valuation(c,p) for p in prime_range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime(2005)

2011

sage: previous_prime(2005)

2003

sage: divisors(28); sum(divisors(28)); 2*28
(1, 2, 4, 7, 14, 28]

56

56

OTymmano!

Oyukius sigma(n,k) B Sage cymMmupyer k-e CTEleHU JleTUTesIeil n:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

Jlajiee okaxkeM aJropuTM IBKIUIA, ¢-PyHKIUO Ditjgepa u KAUTANCKYIO TeopeMy 00 OCTaTKax:

sage: d,u,v = xgcd(12,15)
sage: d == ux12 + vx15
True

sage: n = 2005

sage: inverse_mod(3,n)
1337

sage: 3 * 1337

4011

sage: prime_divisors(n)
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[5, 401]

sage: phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi(n)

1600

sage: prime_to_m_part(n, 5)

401

Vsacuum Koe-9To it 3n + 1.

sage: n = 2005

sage: for i in range(1000):
et n = 3*odd_part(n) + 1
el if odd_part(n)==1:
RN print (i)

caa break

Kuraiickast Teopema 06 ocraTkax:

sage: x = crt(2, 1, 3, B); x
11

sage: x 53 # x mod 3 = 2

2

sage: x h 5 # xz mod 5 =1

1

sage: [binomial(13,m) for m in range(14)]

[1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range(14)]

[1, 1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1]

sage: [kronecker(m,13) for m in range(1,13)]

(1, -1, 1, 1, -1, -1, -1, -1, 1, 1, -1, 1]

sage: n = 10000; sum([moebius(m) for m in range(1,n)])

-23

sage: Partitions(4).list()

(r41, s, 11, [2, 21, [2, 1, 1], [1, 1, 1, 1]]

2.11.1 p—apwn4yeckue 4ucna

Tlose p-agmaeckux uncesn peanuzoBano B Sage. Obparnre BHUMAHUE: KAK TOJIHKO IOJIE€ P-aTUIECKUX GHUCET
CO3JIAHO, €r0 TOYHOCTH HE MOXKET ObITH U3MEHEHA.

sage: K = Qp(11); K

11-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4%11 + 1172 + 71173 + 9%11°5 + 5x1176 + 4%11°7 + 8%11°8 + 7%x11"9
+ 9%11710 + 3*11711 + 10%11712 + 11713 + 5%11°14 + 6%11715 + 2%11716
+ 3%11717 + 11718 + 7x11~19 + 0(11°20)

sage: b = K(3211/11°2); b

10%11~-2 + B*11~-1 + 4 + 2x11 + 0(11~18)

Boabioe koamyecTBo MeTom0B BCTpoeHo i Kiacca NumberField.

sage: R.<x> = PolynomialRing(QQ)
sage: K = NumberField(x~3 + x72 - 2*x + 8, 'a')
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sage: K.integral_basis()
[1, 1/2%xa~2 + 1/2%a, a~2]

sage: K.galois_group(type="pari'")
Galois group PARI group [6, -1, 2, "S3"] of degree 3 of the Number Field
in a with defining polynomial x~3 + X2 - 2%x + 8

sage: K.polynomial_quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
x"3 + x72 - 2%x + 8

sage: K.units()

(3*a~2 + 13*a + 13,)

sage: K.discriminant()

-503

sage: K.class_group()

Class group of order 1 of Number Field in a with
defining polynomial x73 + x72 - 2*x + 8

sage: K.class_number ()

1

2.12 HemHoOro Bbicwieii maTeMaTUKMn

2.12.1 Anrebpaunyeckas reomeTpus

Sage mo3BoJisieT co3aBaTh JiFOObIe ajirebpandeckue MHOrOOOpas3usi, HO MHOIIa (PYHKIIMOHAIBHOCTD OrPaHU-
quBaeTcs Koyibliamu QQ win KoHeUHbIMU ToJisiMu. Hanpumep, Haiijem oObenHEHNE IBYX IJIOCKUX KPUBBIX,
a 3aTeM BBIYJIEHUM KPHUBbBIE KAK HECOKPATUMBIE COCTABJIAIONINE O0HE IMHEHNS.

sage: x, y = AffineSpace(2, QQ, 'xy').gens()
sage: C2 = Curve(x™2 + y~2 - 1)

sage: C3 = Curve(x™3 + y~3 - 1)

sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
X765 + x73%y”"2 + x"2%y"3 + y°5 - x°3 - y"3 - x72 - y"2 + 1

sage: D.irreducible_components ()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 +y°2 -1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3 +y3 -1

]

Tak>ke MOKHO HaTH BCE TOYKHU I€PECEUEHUS JIBYX KPHUBBIX.

sage: V = C2.intersection(C3)

sage: V.irreducible_components()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y -1,
X,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

Y,
x -1,
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Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
X +y+ 2,
2%y~2 + 4xy + 3

]

Taxum obpasom toukn (1,0) u (0,1) HaXOAATCS Ha 06ENX KPUBBIX, & KOOPUHATHI II0 OCH Y Y/IOBJIETBOPSIIOT
bynkmmu 2y? + 4y + 3 = 0.

Sage MOXKeT BBIYUCJIUTH TOPOUJAIBHBIN UIeasT HEIJIOCKON KPUBOI TPETHEro IMOPsIKA:

sage: R.<a,b,c,d> = PolynomialRing(QQ, 4)

sage: I ideal(b~2-a*c, c~2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b~2 - a*c, c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring

in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c~2 + bxd, -b*c + a*d, -b~2 + axc],
[-c™2 + bxd, b~2 - a*c, -b*c + axd],
[-c™2 + b*d, b*c - a*d, b"2 - axc, -c~3 + a*xd~2],
[c™3 - a*xd~2, -c~2 + b*d, b*c - axd, b~2 - axc],
[c™2 - bxd, -bxc + a*d, -b~2 + axc],
[c™2 - b*d, b*c - a*d, -b~2 + axc, -b~3 + a~2xd],
[c"2 - bxd, b*c - a*d, b~3 - a~2*xd, -b~2 + axc],
[c™2 - bxd, b*xc - a*d, b2 - axc]]

sage: F.polyhedralfan()

Polyhedral fan in 4 dimensions of dimension 4

2.12.2 dnnannTuyeckue Kpusbie

OYHKIMOHAJIBHOCTD JUIMIITHICCKUX KPUBBIX BKJIIOYAET B ceOs 6OIBINYI0 YacTh dyHKiuonaasaoctn PARI,
poctyn K undopManuu B ousaiin Tabimnax Cremona (4ro TpebyeT JONOJHHUTEIbHBIH HakeT 6a3 JAHHbIX),
GyHKIMOHAJIBHOCTE mwrank, ajropur™m SEA, BbIUnC/ieHHE BCceX W30reHMiI, MHOINO HOBOI'O Koja i Q u
HEKOTOPYIO (DYHKIIMOHAJILHOCTE IIPOrPAMMHOI0 obeciiedenusi Denis Simon.

Komanga El1lipticCurve yisi CO3JaHUs JUITMITUIECKIUX KPUBBIX MMEET MHOIO (hOpM:

e EllipticCurve([a1, as, as, a4, ag|): Bo3BparuT s/ummnruyeckyio KpuByro

y2 +a1xy + azy = m?’ + a2x2 + a4x + ag,

EllipticCurve([ay, ag]): To ke, a0 u BBIIE, HO a1 = ag = ag = 0.

EllipticCurve(label): Beprer sumnruyueckyio Kpusyio u3 6a3bl qanabix Cremona ¢ 3aIaHHBIM SPJIBIKOM
Cremona. Apbik - 9310 cTpoKa, Hampumep, "11a" or "37b2".

EllipticCurve(j): BepreT smnTuvecKyto KPUBYIO ¢ MHBADUAHTON j.

EllipticCurve(R, [a1, a2, as, a4, ag]): Co3macT 3/UIMNTAYECKYIO KPUBYIO U3 KOJIbIa R ¢ 33JaHHBIMU a;
‘MH, KaK OBbLIO yKa3aHO BBIIIIE.

Vcnonb3oBanne Kaxk0ro KOHCTPYKTOPA:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve defined by y"2 + y = x3 - x over Rational Field

sage: EllipticCurve([GF(5)(0),0,1,-1,01)
Elliptic Curve defined by y"2 + y = x~3 + 4*x over Finite Field of size 5
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sage: EllipticCurve([1,2])
Elliptic Curve defined by y"2 = x"3 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve defined by y°2 + y = x”3 - x over Rational Field

sage: EllipticCurve_from_j(1)
Elliptic Curve defined by y~2 + x*xy = x~3 + 36*x + 3455 over Rational Field

sage: EllipticCurve(GF(5), [0,0,1,-1,01)
Elliptic Curve defined by y~2 + y = x~3 + 4*x over Finite Field of size 5

[Tapa (0,0) - 370 TOYKa Ha 3/UTHNTHICCKON KpuBoit F, 3aganunoit dynkmueit y2 +y = x3 — z. [l cozpanus

aroit Touku B Sage Hanedaraiite E([0,0]). Sage MoxkeT ;100aBUTh TOYKN HA TAKYIO JLIUITAIECKYIO KPUBYIO:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E

Elliptic Curve defined by y°2 + y = x”3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1 :0:1)

sage: 10x*P

(161/16 : -2065/64 : 1)

sage: 20x%P

(683916417/264517696 : -18784454671297/4302116807744 : 1)
sage: E.conductor()

37

DIINOTHYECKHe KPUBBIE /I KOMIIJIEKCHBIX YHCeJT 33/aI0TCs IapaMeTpaMi HHBAPUAHTEL j. Sage BBIUUCIAT
UHBAPHUAHTY j:

sage: E = EllipticCurve([0,0,0,-4,2]1); E
Elliptic Curve defined by y~2 = x~3 - 4*x + 2 over Rational Field
sage: E.conductor()

2368
sage: E.j_invariant()
110592/37

Ecau mbI cozmaanM KpuByIo ¢ TOi »Ke WHBapUaHTOI j, Kak s F, oHa me mo/KHA ObITH n3oMopduoit F. B
CJIEZIYyIOIIeEM IIpUMepe KPpUBbIE HE I/ISOI\/IOp(i)HI)I, TaK KaK NX KOHAYKTOPBI Pa3/INIHbI.

sage: F = EllipticCurve_from_j(110592/37)
sage: F.conductor()
37

Opmako kpyuenne F' Ha 2 mact n30MOpGHYIO KPUBYIO.

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y~2 = x°3 - 4*x + 2 over Rational Field
sage: G.conductor()

2368
sage: G.j_invariant()
110692/37

MozkHo mocuuTaTh KO3bMUIMEHT @, pAna L mam MoayTapHOil (OPMBI Y oo o G, q", TPUKDPEIIeHHOH K
n PAL ALY JIAP b n=0 @nq ", IIPUKP
JLTUIITUYIECKON KpuBoii. /Jannoe Beraucienue ucrnosb3yer oudmoreky PARI:
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sage: E = EllipticCurve([0,0,1,-1,0])

sage: E.anlist(30)

(o, 1, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, -1, 4, -9, -2, 6, -12]

sage: v = E.anlist(10000)

BaiiMeT JIMIb CeKYHLy IS MOACYeTa BCEX Gp Auig n < 109:

sage: time v = E.anlist(100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

DJUINITUIECKUE KpHUBbIE MOTYT OBLITh IIOCTPOEHBI C ITIOMOIIBIO UX APJIBIKOB Cremona.

sage: E = EllipticCurve("37b2")

sage: E

Elliptic Curve defined by y"2 + y = x73 + x~2 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve("389a")

sage: E

Elliptic Curve defined by y"2 + y = x”3 + x72 - 2*x over Rational Field
sage: E.rank()

2

sage: E = EllipticCurve("5077a")

sage: E.rank()

3

Tak>ke ecTb JOCTYII K Oaze JaHHDbIX Cremona.

sage: db = sage.databases.cremona.CremonaDatabase()
sage: db.curves(37)
{'a1': [[0, O, 1, -1, O], 1, 1], 'b1': [[O, 1, 1, -23, -50], O, 3]}
sage: db.allcurves(37)
{'at': [[0, O, 1, -1, 0], 1, 11,
'b1': [[0, 1, 1, -23, -50], 0, 3],
'p2': [[0, 1, 1, -1873, -31833], 0, 1],
'p3': [[0, 1, 1, -3, 1], O, 3]}

O0bexThI, BO3BpalleHHble 3 0a3bl JAHHBIX, He TpuHaIexkar Tuiry EllipticCurve. D10 3jeMeHTHI Oa3bl
JIAaHHBIX, UMerorue mapy mnojeir. CyimecTByer Majas Bepcus 6a3bl jaHabix Cremona, KOTOpast €CTh 110 yMOJI-
YAHUIO B Sage U COAEPKUT OIPAHUIEHHY IO WH(MOPMAIIUIO O SJUIMIITHIECKIX KPUBBIX ¢ KoHtykTopoMm < 10000.
Takzke CymecTByeT JOMOJHUTEIbHAS OOIbINAs BEPCUsl, KOTOPAsl COJMEPYKUT UCUEPIIBIBAIONILYI0 WH(MOPMAIUIO
0 BCeX KPHBBIX ¢ KOHAYKTOpoM 10 120000 (Oxrsibps 2005). Erme ogun gononauTensubiil naker (2GB) s
Sage COIEPKUT COTHH MUJUIMOHOB 3JLIMIITHYECKAX KPUBBIX B 0aze manubix Stein-Watkins.

2.12.3 Cumsonbl Oupuxne

Cumson [Jupuxae - 310 pacimmpenune romomopbusma (Z/NZ)* — R* nyna konbua Rk Z — R.

sage: G = DirichletGroup(12)
sage: G.list()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |--> 1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 [--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 [--> 1, 5 [--> -1,

Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 [--> -1]
sage: G.gens()
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(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 [--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1)
sage: len(G)

4

CO3,HaB TPYIILy, HYy>KHO CO31aTh 9JIEMEHT U C €ro IOMOHIIbI0 NOCYNTATh.

sage: G = DirichletGroup(21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 [--> 1, 10 |--> zeta6
sage: chi.values()

[0, 1, zeta6 - 1, O, -zeta6, -zeta6 + 1, 0, 0, 1, O, zeta6, -zeta6, 0, -1,
0, 0, zeta6 - 1, zeta6, 0, -zeta6 + 1, -1]

sage: chi.conductor()

7

sage: chi.modulus()
21

sage: chi.order()

6

sage: chi(19)
-zetab + 1

sage: chi(40)
-zeta6 + 1

Tax»Ke BO3MOXKHO TIOCUUTaTh sieficTere rpynnel Lamsya Gal(Q((y)/Q) Ha 5T cUMBOJIBL.

sage: chi.galois_orbit()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> -zeta6 + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in gol
(1, 2, 2,1, 1, 2, 2, 1]

sage: G.decomposition()

[

Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and degree 2,
Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and degree 2

]

Hasiee a0 nocrpouts rpyuity cuMBoJioB Jupuxie o mozayio 20, Ho co 3uadenusMu ¢ Q(4):

sage: K.<i> = NumberField(x~2+1)

sage: G = DirichletGroup(20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with defining polynomial,
—x"2 + 1

Temneps nocunTaeM HECKOJIBKO MHBAPUAHT G:

sage: G.gens()
(Dirichlet character modulo 20 of conductor 4 mapping 11 [--> -1, 17 [--> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 [--> 1, 17 [--> i)

sage: G.unit_gens()
(11, 17)

sage: G.zeta()

i
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sage: G.zeta_order()
4

B mamnoM mpumepe, cumvBodibt Jlupuxiie cO37ai0TCA CO 3HAYEHUSIMU B IHCJIOBOM II0JI€, sIBHO 3aJI1a4€TCS BBIOOD
KOpH# 00'beInHEHNs] TPETHUM aprymenToMm DirichletGroup.

sage: x = polygen(QQ, 'x"')

sage: K = NumberField(x"4 + 1, 'a'); a = K.0
sage: b = K.gen(); a == b

True

sage: K

Number Field in a with defining polynomial x~4 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated by a iny
—Number Field in a with defining polynomial x~4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a2

sage: [(chi~i)(2) for i in range(4)]

[1, a~2, -1, -a~2]

3mech NumberField(x~4 + 1, 'a') roBopur Sage HCIIOJIB30BATH CUMBOJI “a” JIJIsl IEIATH TOTO, YeM SIBJISIETCS

K (umcsioBoe mosie ¢ OIpeeIsiFoIuM OJTTHOMOM xt + 1). Hassanue “a” He 0ObsIBIIEHO HA JIAHHBIA MOMEHT.

Korma a = K.0 (sxBuBajientno a = K.gen()) GyJer oleHeHO, CUMBOJI “a” IPEACTABJIAET KOPEHb MOJIMHOMA,

xt 1.

2.12.4 MopynsipHble popmbl
Sage MOYKeT BBINOJHSTH BBIYUCJICHUS, CBSI3aHHBIE ¢ MOYJIAPHBIME (hOPMAMU, BKJIIOYAsT U3MEPEHUsT, BHIUUC-
JICHUE MOAYJ/IIDHBIX CUMBOJIOB, OII€paTOPOB FeKKe 1 pa3JIOo2KEeHUd.

Cy1mecTByeT HECKOIBKO JOCTYITHBIX (DYHKITUIA /It BBIYUCIEHUS] M3MEPEHUN TPOCTPAHCTB MOYJISPHBIX (hOPM.
Hanpuwmep,

sage: dimension_cusp_forms(GammaO(11),2)

1

sage: dimension_cusp_forms(GammaO(1),12)
1

sage: dimension_cusp_forms(Gammal(389),2)
6112

I[anee ITIOKa3aHbl BBIYHUCJ/IEHUA OII€EPpAaTOPOB T'exkke B IPOCTPaHCTBE MO/YJ/IAPHBIX CUMBOJIOB YPOBH 1 u Beca
12.

sage: M = ModularSymbols(1,12)

sage: M.basis()

([X~8%Y~2,(0,0)], [X~9%Y,(0,0)], [X~10,(0,0)1)
sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0(1)
of weight 12 with sign O over Rational Field
sage: t2.matrix()

[ -24 0 0]

[ 0 -24 0]

[4860 0 2049]

sage: f = t2.charpoly('x'); £

x"3 - 2001*x72 - 97776*x - 1180224
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sage: factor(f)

(x - 2049) * (x + 24)"2

sage: M.T(11).charpoly('x').factor()
(x - 285311670612) * (x - 534612)°2

TakzKe MOYKHO co3/aBaTh IpocTpancTBo st Io(N) u I'1(N).

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols(Gammal(11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with
sign O and over Rational Field

Berancsinm HeKOTOpbIE XapaKTEPUCTUIECKIE TOJMHOMBI U G-PA3JIOKEHUS .

sage: M = ModularSymbols(Gammal(11),2)
sage: M.T(2).charpoly('x")
x~11 - 8%x~10 + 20*x"9 + 10%x~8 - 145xx~7 + 229%x~6 + 58*x"5 - 360*x~4
+ 70*x~3 - 51b6xx~2 + 1804*x - 1452
sage: M.T(2).charpoly('x').factor()
(x - 3) *x (x +2)72 % (x74 - 7#x"3 + 19%x"2 - 23*x + 11)
* (x74 - 2%x73 + 4%x72 + 2%x + 11)
sage: S = M.cuspidal_submodule ()
sage: S.T(2) .matrix()

[-2 0]

[0 -2]

sage: S.q_expansion_basis(10)
[

q - 2%q~2 - q°3 + 2%q~4 + q°5 + 2%q"6 - 2xq~7 - 2%q~9 + 0(q~10)

Tak>ke BO3MOXKHbBI BbIYNCJICHUS OPOCTPAHCTB MOAYJIAPHBIX CUMBOJIOB C 6yKBaMI/I.

sage: G = DirichletGroup(13)

sage: e = G.072

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character

[zeta6], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2).charpoly('x').factor()

(x - zetab - 2) * (x - 2%zetab - 1) * (x + zetab + 1)°2

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign O, over

Cyclotomic Field of order 6 and degree 2

sage: S.T(2).charpoly('x').factor()

(x + zetab + 1)72

sage: S.q_expansion_basis(10)

[

q + (-zeta6 - 1)*q~2 + (2*zetab - 2)*q~3 + zetab*q~4 + (-2*zetab + 1)*q~5
+ (-2%zetab + 4)xq~6 + (2*zetab - 1)*q~8 - zetab*q~9 + 0(q~10)

]

IIpumep Toro, Kak Sage MOMXKET BBIYHCJIATH JIEHCTBUS OMEPATOPOB [€KKe HA MPOCTPAHCTBO MOJIYJISPHBIX
dopwm.

sage: T = ModularForms(GammaO(11),2)
sage: T
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Modular Forms space of dimension 2 for Congruence Subgroup GammaO(11) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level()

11

sage: T.group()

Congruence Subgroup GammaO(11)

sage: T.dimension()

2

sage: T.cuspidal_subspace()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup GammaO(11) of weight 2 over Rational Field

sage: T.eisenstein_subspace()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO(11) of weight 2 over Rational Field

sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight()

2

sage: M.basis()

(1,00, (1,8), (1,9))

sage: M.sign()

0

Honycrum, T), — 910 06bIuHEIH onepaTop Lexke (p mpocroe). Kax oneparopsr I'ekxe 1o, T5, Th BenyT cebs B
[IPOCTPAHCTBE MOJYJISPHBIX CHMBOJIOB?

sage: M.T(2) .matrix()

[3 0 -1]
[0-2 o]
[0 o0 -2]
sage: M.T(3) .matrix()
[4 o0 -1]
[0-1 0]
(o o0 -1]
sage: M.T(5) .matrix()
[ 6 0 -1]
(o 1 o]
[o o 1]
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[naBa 3

NHTepakTusHasa obonouyka

Tlouru Bcerma B 9TOM PYKOBOJCTBE MBI IIPEAIOJIATAEM, UTO WHTEPIIPETATOD Sage ObLI 3aIyIneH KOMAHION
sage. Ona 3amycrur crenuaabHyo Bepcuio Koucon [Python u mmmoprupyer MHOXKeCTBO (DyHKIHIA U KJIAC-
COB, TaK YTO OHU F'OTOBBI JJIS UCIIOJIL30BAHUS B KOMAaH/IHOM cTpoKe. Boslee TOHKas HACTPOKa IPOU3BOIATCS
peaakTupoBanueM daitiia $SAGE_RO0T/ipythonrc. Ilpu 3amycke Sage Bbl yBUINTE BBIBOJL, ITOXOXKUIT Ha, CJIe-
JYIOLIUi:

| SAGE Version 3.1.1, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |

sage:

Yrobs! BeriiTH 13 Sage, Haxkmute Ctrl-D mim BBeguTe quit miam exit.

sage: quit
Exiting SAGE (CPU time Om0.00s, Wall time OmO.89s)

Wall time — 1o mporreninee Bpemsi. 1o 3uadenne BepHo, nmoromy Kak B “CPU time” me BxomuT Bpewms,
ncnosp3oBanHoe cyomporeccamu Bpoge GAP uau Singular.

(ITocrapaiiTech He ybuBarh Iporecc Sage KOMaHI0i kill -9 M3 TepMuUHAJA, IOTOMY YTO Sage MOXKET He
youThb J09epHEe mporecchl, Takue kKak Maple, nin MOXKeT He OYUCTUTH BpeMeHHbIe (hailibl U3 IUPEKTOPUU
$HOME/ . sage/tmp.)

3.1 Bawa ceccusi Sage

Ceccrst — 3TO TIOC/IEIOBATEIHHOCTD BBOJIOB M BBIBOJIOB HAUWMHASI C 3AIyCKa MPOTPAMMBI U 3aKAHIUBAs BbI-
XOZIOM M3 Hee. Sage 3aHOCUT BCIO UCTOPUIO BBOAOB B log-daiin, ucnons3ys [Python. Eciu Bor ncnoss3yere
UHTEPaKTUBHYIO 000s10uKy (He BeG-muTepdeiic Notebook), To BBl Moxkere BBecTu %hist, uroObl BbIBECTH
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CIIMCOK BCEX BBEJIEHHBIX KOMaH]I. Bbl MoykeTe BBECTH 7 B KOMAHJIHOI CTpPOKe Sage, YTOObI MOJIYYUTH 0OJIb-
e nagopmaruu o IPython, sanpumep, “IPython npemocrasiisier mpoHyMepOBaHHbIE KOMAHJIHBIE CTPOKM. ..
C KeIUPOBAaHWEM BBOJIa U BBIBOJA. Bce BBeJEHHBIE JAHHBIE COXPAHSIIOTCS ¥ MOLYT OBITh MCIIOJIb30BAHBI KAK
nepeMeHHble (IOMUMO OOBIMHOTO BBI30Ba € MOMOINLIO cTPesioK). Cieyioniue riobaibHble IePEeMEHHbIE [IPH-
CYTCTBYIOT Beeryia (He niepesamuceiBaiire ux!)”™

previous input (interactive shell and notebook)
__: next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

IIpumep:

sage: factor(100)

_1 =272 % 572

sage: kronecker_symbol(3,5)

2 =-1

sage: /hist # Pabomaem moabko & uHmepakmusHol oboaouke, Ho He e Sage motebook.
1: factor(100)

2: kronecker_symbol(3,5)

3: J%hist

sage: _oh

4 ={1: 272 x 572, 2: -1}

sage: _il

_5 = 'factor(ZZ(100))\n'

sage: eval(_il)

_6 =272 x 572

sage: Zhist

1: factor(100)
2: kronecker_symbol(3,5)
3: %hist

4: _oh

5: _il

6: eval(_il)
7: %hist

Ms1 He BKIIIO9aeM HOMEPA CTPOK B 9TOM yIeOHOM TOCOOMHU M B JIPYTON JOKYMEHTAIINH Sage.

BBl Tak:ke moxkere XPaHUTH CIIMCOK BBE€AECHHBIX KOMaH/I CECCUU B BHIE MaKpPOCa JIJIsd CECCHUH.

sage: E = EllipticCurve([1,2,3,4,5])
sage: M = ModularSymbols(37)
sage: Jhist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols(37)

3: %hist

sage: /macro em 1-2

Macro “em” created. To execute, type its name (without quotes).

sage: E
Elliptic Curve defined by y~2 + x*y + 3%y = x"3 + 2*%x"2 + 4*x + 5 over
Rational Field

sage: E =5

sage: M = None
sage: em
Executing Macro...
sage: E

Elliptic Curve defined by y~2 + x*y + 3%y = x73 + 2*x72 + 4*x + 5 over

Rational Field
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IIpu ucnosib30BaHNM UHTEPAKTUBHOI 000JI0uKM Sage, Jjitobas UNIX-koMmaHa MOXKeT ObIThH 3allyIleHa ¢ I0-
Motk npedukca !. Hampumep

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex

BO3BpalllaeT cojlepzKaHnue TeKyIeil TUPeKTOPUH.

Ilepemennasi PATH coxkep:KkuT JupeKTopuio bin (6unapable (ailibl) B caMoM Hadaje, TaK 4TO eCJH Bbl 3a-
myckaeTe gp, gap, singular, maxima, u T.J. BbI IIOJIyIaeTe BEPCUU, BKJIIOUEHHBIE B Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

sage: !singular

SINGULAR / Development
A Computer Algebra System for Polynomial Computations /  version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005
FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 XXypHanupoBaHune BBoga 1 BbiBOAa

ZKypuanuposanue ceccuu Sage 9TO HE TO K€ caMoe, 9TO coxpHaHenue ceccun (cM. Coxpanenue u 3azpyska
noanvx ceccuds Iy 91oro). s XKy pHaIupoBanus BBoa (1, ONIUOHABHO, BBIBOJA), UCIIOIL3YATE KOMAHILY
logstart. Beeaure logstart? s nogpobrocTeil. Bl MoXKeTe UCIOIB30BATE 9Ty KOMAHLY ISl 2Ky PHAJIIPO-
BAHUsI BCErO, YTO BbI BBOJINTE, BCETO BBIBOJIA, U Ja’Ke MOXKETe BOCIIPOU3BECTH BBEJIEHHbBIE JIAHHBIE B OYIyIIeit
ceccun (pocto 3arpy3us log-daiin).

was@form:~$ sage

| SAGE Version 3.0.2, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.

Filename : setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model()
sage: F = QQ~3

sage: x,y = QQ['x,y'].gens(O)

sage: G = E.gens()

sage:

Exiting SAGE (CPU time OmO.61s, Wall time Om50.39s).
was@form:~$ sage

| SAGE Version 3.0.2, Release Date: 2008-05-24 |
| Type notebook() for the GUI, and license() for information. |
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sage: load("setup")
Loading log file <setup> one line at a time...
Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y"2 + x*xy = x"3 - x"2 + 4*x + 3 over Rational
Field

sage: X*y

X*y

sage: G

[(2 : 3: 1)]

Eciin BbI ucnosibdyere Sage B konsole — repmunasie cpeapl KDE 8 GNU/Linux — Torza Bl MOXKeTe COXpPa-
HUTH CECCHIO CJIeJIyIonuM obpa3oM: mocje 3aiycka Sage B konsole, Boibepure “settings”’, morom “history...”,
roroM “‘set unlimited”. Korja BbI roTOBBI cCOXpaHuTh ceccuio, Beioepute “edit” u “save history as...” u BBequTe
nmMs daitia s coxpanenus. [locje 5TOro Bbl MOXKETe BOCIIOIB30BATHCS JIFOOBIM TEKCTOBBIM PEIAKTOPOM,
HAIIPUMEDP Xemacs, JiJist 9TeHus daiia.

3.3 BcTaBka urHopupyeTt npurnawieHume

JomyctuM, BBl YUTaeTe CeCCHIO Sage WM Bbruncsenus Python, u xorure ckonmposarh ux B Sage. Ho ectb
o/iHa IpobJieMa: 3HaKU >>> uin sage:. Ha camoM Jiesie BbI MoKeTe KOIMPOBATH U BCTABJIATH IIPUMEDPBI, KOTO-
pble BKJIIOYAIOT 9TU 3Haku. Apryumu ciioBamu, Sage UTHOPUPYET CUMBOJIBL >>> MJIU Sage: HepeJi OTIPABKON
komau1 B Python. Hanpuwmep,

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024

3.4 KomaHabl usmepeHusi BpemMeHu

Ecnu Bel BBesteTe KOMaH Iy /%time B Hadaje CTPOKU BBOJA, TO BpEMs, 3aTpadeHHOE Ha BBIITOJTHEHNE Ollepalni,
OyZeT BBIBEIEHO Ha dKpaH. Hampumep, BbI MOXKETe€ M3MEPUTH BPEMsl BBIIOJTHEHUS OIEPAINA BO3BEICHUS B
crerenb HecKoJbKUMU yTssmu. [lokazanns nuzke Oy/IyT OTIINYIATHCS OT BAINX; OHA MOTYT OTJIMIATHCS JTAXKe
B pa3Hbix Bepcusx Sage. Hucteiit Python:

sage: /time a = int(1938)~int(99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

9r1o oznauaer uro 0.66 cexynm ObL10 3arpadeHo B cymme, a “Wall time”, (upomenmee Bpems), Toxe 0.66
cexkyH. Ecan Bamm KOMIBIOTED CHJIBHO 3arpyzkeH apyrumu mnporeccamu, To “Wall time” moxker cuabHO OT-
JIIATHCST OT TPOTIECCOPHOTO BPEMEHH.

Jlajee MBI mocyuTaeM BpeMsl BO3BEJEHUS B CTEIIEHD C HCIIOIb30BAHUEM BCTPOECHHOI'O B Sage IIeJI0YHCICHHOIO
TUIA JAHHBIX, peasnusosanHoro (B Cython) ¢ ncnosnbzosannem 6ubnunorekn GMP:
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sage: /time a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

Ucnonwssys unrepdeiic PARI u3z 6ubsmoreku C:

sage: %time a = pari(1938) pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP Bezer cebg Jiydrie, HO TOJBKO HEMHOIO (KakK U OXKHUJIAJIOCH, Belb Bepcus PARI, Berpoennas B Sage,
ucnoabzyer GMP jyist paboThl ¢ EIBIME TUCIAMHE).

BrbI Tak:ke Mmokere 3aMEPUTHh BPEMs BBIIIOJTHEHN A OJ10Ka KOMaH/I C IIOMOIIbIO cputime, KaK ITOKa3aHO HHXKe:

sage: t = cputime()

sage: a = int(1938)~int(99484)

sage: b = 1938799484

sage: ¢ = pari(1938) pari(99484)

sage: cputime(t) # random output
0.64

sage: cputime?

Return the time in CPU second since SAGE started, or with optional
argument t, return the time since time t.

INPUT:

t -- (optional) float, time in CPU seconds
OUTPUT:

float -- time in CPU seconds

Komanga walltime BesieT ceOs Tak Ke, KaK cputime, HO OHA M3MEPSET HACTOSAIIEE BPEMSI.

Mpr Tak»Ke MOXKEM BO3BECTH YHCJIO B CTEIleHb, UCIOJIb3Ysl CUCTEMbI KOMITBIOTEDHOI areOpbl, BKIIFOYEHHbBIE
B Sage. B xax0M ciryyae MBI 3allyCKaeM MPOCTYIO0 KOMAHJY B CUCTEME UTOOBI 3AIlyCTUTH CEpBEp i ITOM
nporpammbl. Camoe Toanoe - BpeMst 3ro Wall time. Oirako, ecjin cyiecTByeT CyIecTBeHHAsT PA3HUATIA MEXK Ty
TUM 3HadYeHueM u nporeccopabiM BpemereM (CPU time), To, BO3MOKHO, €CThb CMBICJ IIPOBEPUTH CHCTEMY
HA HAJUYIUe TPOOJIEM IIPOU3BOIUTEHLHOCTH.

sage: time 1938799484;

CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01

sage: gp(0)

0

sage: time g = gp('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04

sage: maxima(0)

0

sage: time g = maxima('1938799484"')

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30

sage: kash(0)

0

sage: time g = kash('1938799484"')

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04

sage: mathematica(0)
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0
sage: time g = mathematica('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple(0)
0
sage: time g = maple('1938799484')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: gap(0)
0
sage: time g = gap.eval('1938799484;;")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

Samerbre, yro GAP n Maxima sBisiorcs caMbIMU MeJJICHHBIME B 9TOM TecTe (TecT ObLI IPOBEIEH Ha
MariuHe sage.math.washington.edu). Tak kak onu paGoraior ¢ ApyruM uHTepdeicoM, HaJICTPOSHHBIM HA/T
HUMM, CyJUTh 006 aDCOJIIOTHOIN ITPOU3BOJAUTELHOCTH ITHX CHCTEM HE CTOUT.

3.5 Ownbknm n ncknryYeHns

Kora 9T0-T0 njet He Tak, 00BITHO MOXKHO yBUIeTh nckiouenne Python (Python “exception”). Python naxe
HOIIBITAETCST TIPE/IIOJIOKUTD, YTO BBI3BAJIO OMUOKY. JacTo BbI MOXKeTe BHJIETh UMl UCKJ/IIOUEHUS, HAIIPUMED,
NameError msim ValueError (cm. Python Reference Manual [Py/ miust monHoro cnmcka uckiodennii). Ha-
pumMep,

File "<console>", line 1
ZZ(3)_2

SyntaxError: invalid syntax
sage: EllipticCurve([0,infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

MuTepak TUBHBIH OTJIALINK MOYKET OLITH IOJIE3HBIM [JIs1 HOHUMAsI TOrO, 9TO MOMLIO He Tak. OTIa duK MoX-
HO BKJIIOYATH WJIM BBIKJIOYATh KOMaHI0i %pdb (10 yMosuaHuio oH BbIKJOYeH). [Ipuriaenue KoMaHHO
CTPOKH ipdb> mogsisgeTca Ha dKpaHe, €CIU CJIyYnJIoch UCKIIOUeHNEe U OTJIQ YUK ObL1 BKJIodeH. M3 otsan-
YHKA BBl MOYKeT€ BBIBECTU Ha SKPAH COCTOSAHUE JIIOOON JIOKAJIBHOM I€PEMEHHON U JBUIATHCS BBEPX M BHU3
no creky (execution stack). Hanpuwmep,

sage: /pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([1,infinity])

<type 'exceptions.TypeError'> Traceback (most recent call last)

ipdb>

g mosydYeHns: CUCKa KOMAaH/I OTJIaIMKa BBEJINTE 7 B KOMAHJHOM CTpOKe ipdb>:
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ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u
alias ¢ cont down ignore n pinfo return unalias
args cl continue enable j next pp s up
b clear d exit jump P q step w

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

Haxkmure Ctrl-D min BBeure quit 9T00BI BEPHYTHCS B Sage.

3.6 OOpaTHbIA NOUCK N aBTOA0MNOJ/IHEHNE

CHavaja co3IaIuM TpexMepHOe BeKTOpHOe IpocTpaHcTso V = Q3 cienyrommm obpasom:

sage: V = VectorSpace(QQ,3)
sage: V
Vector space of dimension 3 over Rational Field

MozxHO nCHO0/IB30BaATH COKpallleHHOe 0603HAYEHNE:

sage: V = QQ~3

BeejiuTe HAUAJI0 KOMAHJBI, IOTOM HazKMuTe Ctrl-p (WM IPOCTO HAXKMUTE CTPEJIKY BBEPX HA KJIABHATYDE)
9TOOBI BEPHYThCH K JIFOOOI M3 CTPOK, KOTOPBbIE BbI BBOJWJIM, HAYMHAIOMIENCS C TAKUX K€ CHMBOJIOB. JTO
paboTaer gake ecyi BbI ITOJTHOCTH BBINLIN U3 Sage U MEePe3aIyCTUIN ero mo3ke. MOKHO HCIIOIb30BAThH
u OOpaTHBI MOUCK TI0 UCTOPUU KOMAHJ ¢ MOMOIbI0 Ctrl-r. Bce 5TH BO3MOXKHOCTH HCIIOJIB3YIOT MAKET
readline KOTOPBIl JocryneH nouru Ha Beex pasnosuiuocTsax GNU/Linux.

Mo2KHO € JIErKOCTBIO BBIBECTH CIIMCOK BCex (yHKIUi 1yisi V, ucroib3ysi apromponoaenue. [Ipocro BBeauTe
V., morom naxkxmure [TAB] Ha cBoeil KaaBuarype:

sage: V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis
.coordinates

S < <=< <

V.zero_vector

Ecsm BBI BBEIETE TIEPBBIE HECKOJIBKO CHMBOJIOB KOMAH/IbI, & ToTOM HaxkMére [TAB], BB mostyunTte byHKINH,
KOTOpbIe HAYMHAIOTCS C 9TUX CHUMBOJIOB.
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sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

Ecnu Bam uaTepecHno, uTo meraer kakag-HuOyab GyHKIUs, HapuMmep coordinates, BBeaure V. coordinates?
I TIOJIyYeHUs CIIpaBKyU uin V. coordinates?? Jijid OJIy9Y€HUA UCXOTHOTO KO (O6’bHCHHeTCH B CJIELyIOIIEM
pasjese).

3.7 BctpoeHHasi cnpaBo4dHasi cuctema

Sage obsia1aeT BCTPOEHHOI CIIPABOYHOMN cucTeMoil. BBenure HazBanue GyHKINKA CO 3HAKOM ! JJIst JOCTYIIA K
JOKYMEHTAIINN TI0 9TOHM (DYyHKIWH.

sage: V = QQ~3
sage: V.coordinates?

Type: instancemethod

Base Class: <type 'instancemethod'>

String Form: <bound method FreeModule_ambient_field.coordinates of Vector
space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates(self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c¢ such that if B is the basis for self, then
sum c_i B_i = v.

If v is not in self, raises an ArithmeticError exception.

EXAMPLES:
sage: M = FreeModule(IntegerRing(), 2); MO,M1=M.gens()
sage: W = M.submodule([MO + M1, MO - 2*M1])

sage: W.coordinates(2*M0O-M1)
[2, -1l

Kak mokazano Belite, BBIBOJ IIOKA3bIBAET TUIl 00bEKTA, Pailj, B KOTOPOM OH OIIPEJEJIEH U ITOJIE3HOE OIIr-
canne (QyHKIUU C IPUMePaMU, KOTOPble MOXKHO BCTABUTL B Ballly TeKyIlyio ceccuio. [loutu Bce mpumepst
[IO/IBEPTAIOTCST PETYJIIPHOI aBTOMATHUYECKON IIPOBEPKEe HA IIPe/IMeT PabOTOCIOCOOHOCTU U HaJIHYHs Tpedye-
MOT'O TIOBEJIEHUSI.

Jlpyrast BO3SMOXKHOCTH XOPOIIIO OTPAXKAET JTyX OTKPBITOIO ITPOrPAMMHOrO obecrieueHus:: ecau £ 9310 MyHKIMs
Python’a, To £77 BeIBemeT ucxomubIil KO, KOTOPHI onpenesnser £. Hanpumep,

sage: V = QQ°3
sage: V.coordinates??
Type: instancemethod

Source:

def coordinates(self, v):
nmnn

Write $v$ in terms of the basis for self.

return self.coordinate_vector(v).list()
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Orcroia MBI 3HaeM, 9TO Bce, YTO jesaeT GpyHKIms coordinates, 9T0 BbI30B QpyHKINK coordinate_vector
U TIPEBPAIAET PE3yJILTAT B CIUCOK. UTO menaeT dpyHKIus coordinate_vector?

sage: V = QQ~3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space() (v)

Qyukius coordinate_vector y/ep:KUBaeT BBeJIEHHble 3HAUEHUsI BO BHEIIHEM IIPOCTPAHCTBE, UTO IIO3BO-
JisieT nobuThes Takoro ke 3pdeKTa, KaK IIPU BBIYUCIEHNN BEeKTOpa KO3(PMUIMEHTOB EPEMEHHON v C TO4-
ku 3perus V. IlpocrpancTso V yike BHemmHee, Tak Kak oHo spiserca Q3. CymecTsyer Taxwxe byHKIms
coordinate_vector Jijis IOMIIPOCTPAHCTB, U OHA BedeT cebs 1mo-nHOMY. MBI CO3IUM IIOJIIPOCTPAHCTBO U
IIOCMOTPHM:

sage: V = QQ~3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):
nnn

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector(v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user_matrix()

return T.linear_combination_of_rows(w)

(Ecam BBI cunTaere, 4TO CylecTBYIOas peaaun3anusd HedGHEKTUBHA, IOKAJIYHCTa, 3aPeruCTPUPYHTECh U
[IOMOI'UTE OHTHUMU3UPOBATH JIMHEHHYIO ajrebpy.)

Bor Takakxe Moxkere BBecTr help (umMs_koMamzs) uiau help(xmacc) JJIsd HOJIyYeHUs CIPABKH O KJIACCAX MJIN
GYHKIUAX B CTUJIE Man-CTPAHUIIL.

sage: help(VectorSpace)
Help on class VectorSpace

class VectorSpace(__builtin_
| Create a Vector Space.

.object)

[
| To create an ambient space over a field with given dimension
| using the calling syntax

Korna BbI BBOIMTE q /17151 BBIX0/1a U3 CITPABOYHON CHCTEMBI, BAIlla CECCUS HAXOJIUTCS B TOM YK€ COCTOSHUU, UTO
u 510 storo. CrpaBKa He 3axJIaMJIsIeT Balll 9KpaH, B orTiaunune or ¢Gopmbl function_name?, KOTOpas MHOTIA
MOXKET OCTaBJISITh HHMOPMAIINIO B Baleil ceccun. OCcoOEHHO TIOJIE3HO UCTIOIB30BaTh help (module_name). Ha-
[IpUMep, BEKTOPHBIE IIPOCTPAHCTBA ONUCAHbI B sage.modules.free_module, mosromy BBejuTe help(sage.
modules.free_module) ;jursa JoKyMeHTAIIUU 000 BceM Mojyse. Korja Bl mpocMaTpuBaeTe JIOKYMEHTAIIUIO B
CIIPABOYHOI CHCTEMe, BBl MOXKETE OCYIIECTBJISTH [MOUCK C MTOMOINBI0 / U B 0OPATHOM IMOPSIJIKE C MIOMOIIBIO 7.
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3.8 CoxpaHeHue n 3arpyska oTaesibHblIX 00beKTOB

JlomycTuM BbI BBIYUC/IMIM MaTPUILy WM XyZKe: CJIOXKHOE MPOCTPAHCTBO MOJIYJISIDHBIX CHMBOJIOB, U XOTUTE
COXPAHUTH €ro jisi paboTel B OymymeMm. Kak s1o caenars? KcTh HECKOJBKO CIIOCOO0B, KOTOPBIME KOMIIBIO-
TepHbIe AJreOPDI TOJb3YIOTCS [IJI COXPAHEHUsT 00 BHEKTOB.

1. Coxpanutb urpy: Ilomaep:kuBaeTcss COXpaHEHWE W 3arpy3Ka TOJBKO MOJHBIX CECCHil (HAIpuUMep,

GAP, Magma).

2. YandunupoBaHHbI BBOJ,/BBIBOA: BbIB0/] 00bEKTOB Ha 9KPaH B TAKOM BHJIE, B KOTOPOM OHU MOLYT
GbiTh cuntansl o3xke. (GP/PARI).

3. Eval: Jlerkuii crioco6 3amycka joboro koga B uarepnperarope (Hanpumep, Singular, PARI).

Taxk xkak Sage noctpoen Ha Python’e, oH ucosib3yer WHO MOIXO0;: KaXK bl 00BEKT MOXKET ObITH IIPEBPAIIEH
B CTPOKY, U3 KOTOPOIi B IMOCJIEJICTBAN MOYXKHO BOCCTAHOBUTDH 00beKT. Cocob ¢X0K €O CIoco0OM yHUMDUKAIIUT
BBOJIa U BbIBOJIA, Kak B PARI, HO B ciiydae ¢ Sage HEeT HEOOXOAMMOCTH BBIBOJUTH OOBEKT HA IKPAH B CAMOMR
Hey106Ho0it dhopme. Takrke, noiepKKa COXpaHEHNUs U 3arpy3Ku (B GOJIBIIXHCTBE CJIy4YaeB) MOJHOCTHIO ABTO-
MaTHUYHA, He TPeOyeT JOMOJHATEILHOTO ITPOrPAMMHUPOBAHUST; 9TO MPOCTO BO3MOXKHOCTL Python’a, koTopas
OblLiIa BKJIIOYEHA B SI3BIK C CAMOIO HaJaJIa.

TouTn J11060it 06BHEKT X MOXKET OBITH COXPAHEH B C2Karoii (opMe Ha JUCK IIPU IIOMOIIM KOMaHbI ‘'save(X,
filename)” (nnm Bo MHOrHX ciyvasx ‘'x.save(filename)’*). st 3arpy3ku oobekra Beegute “load(filename)’.

sage: A = MatrixSpace(QQ,3) (range(9))"2

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

sage: save(A, 'A')

Tenepn BoIfiUTE M3 Sage u nepesamycrure. Tenepb BBl MOXKeTe moyuuTh A” obpaTHO:

sage: A = load('A'")

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

To xe camoe MOXKHO JeIaTh U C O0Jiee CIIOKHBIMU OOBEKTAMH, HAIIPAMED SJUINITHIECKAMA KPUBBIMU. Besd
urdopmMarys 06 obbekTe (KOTOpasi HAXOAUTCA B Kellle) coXpaHsercs BMecTe ¢ obbekToM. Hanpumep,

sage: E = EllipticCurve('1lla')
sage: v = E.anlist(100000) # mpebyem Hekomopoz20 epeMeHu. ..
sage: save(E, 'E')

sage: quit

Coxpanennasi Bepcust E 3annmaer 153 kumobura, Tak Kak B HeM cojiep:karcs nepseie 100000 a,.

~/tmp$ 1ls -1 E.sobj

-rw-r--r-- 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E')

sage: v = E.anlist(100000) # MoMeHTambHO!

(B Python, coxpanenue u 3arpyska ocymectsisgercs moayiiem cPickle. O6bekT Sage x MOXKeT OBITH COXpa-
HeH ¢ nomoIpio cPickle.dumps(x, 2). O6parure BuuManue Ha 2!)
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Sage He MOXKET COXPAHITh U 3arpy’KaTh OOBEKTHI, CO3/IAHHBIE B JPYTUX CUCTEMaX KOMIBIOTEPHOI ajaredpsl,
takux kKak GAP, Singular, Maxima u np. OHEu 3arpy:KatTcsi B COCTOSIHUU, KOTOPOe rmoMedyeHo Kax “invalid”.
Xots1, B GAP MHOrue o6beKThbl BBIBOAATCS B (hOPME, U3 KOTOPOi MX MOTOM MOYKHO BOCCTAHOBUTD, HO MHOTHE
HE BBIBOJIATCS B TaKOi (hOpMe, TIOSTOMY WX BOCCTAHOBJIEHUE M3 TAKOTO BHJA HAPOYHO 3AIIPEIEHO.

sage: a = gap(2)

sage: a.save('a')

sage: load('a')

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer
running.

O6bexrol GP/PARI MOryT GbITH COXPAHEHBI U 3arPY2KEHbI, TAK KaK UX BUJL IIPU BBIBOJIE HA YKPAH J[OCTATOUEH
JIJIsT BOCCTAHOBJIEHUST 00HEKTA.

sage: a = gp(2)
sage: a.save('a')
sage: load('a')

2

CoxpaHeHHBbIE 00BEKTBI MOTYT OBITH 3arpy?KeHbI 1103Ke Ha KOMITBIOTEPaxX ¢ JIPYroil apXUTEeKTYPOil min ore-
PAIMOHHO CUCTEMOIl, HAIIpUMED, Bbl MOXKETe COXPAHUTh OIPOMHYI0 MaTpuily B 32-6utHoit OS X u 3arpy3urhb
ee B 64-6urnyio GNU/Linux, npusectu K cryneadaroii ¢popme u nepemectuts obparHo. Tak:ke BO MHOIMX
CJIy9asix BBl MOXKETE 3arpyKarTh OObEKTHI B BEPCUU Sage, OTJUIHbIE OT BEPCUH, HA KOTOPOI OHU OBLIN COXPa-
Henbl. Bee arpubyThl 06beKTa COXPAHSIIOTCA BMECTE ¢ KJIacCOM (HO He BKJIIOYAsl MCXOJHBINA KOJ), KOTOPBIi
ommchiBaeT 00bekT. Ecin Kitace 6ojiee He CyImecTByeT B HOBOI BepcHH Sage, TOrjia 0ObeKT He MOYKeT OBbITh
3arpy»KeH B 3Ty HOBYIO Bepcuto. Ho eciin BBI 3arpy3nTe ee Ha BEPCHUIO HUZKE, MOJIYIUTE CIOBAPH OOBHEKTOB (¢
HOMOMIBIO X.__dict__) U COXpaHHUTe CI0Baph, TO CMOXKeTe 3arPDy3UTh €r0 B HOBYIO BEPCHUIO.

3.8.1 CoxpaHeHune B BUge Tekcrta

Boi Takzke MoxkeTe coxpaHsaTh 06beKThI B Bujie Habopa ASCII cuMBOJIOB B TIPOCTOI TEKCTOBBIN (hail/I TPOCTHIM
OoTKpbITHEM hailia U COXpaHEHUEeM CTPOKU, KOTOPasi BbIpazkaeT (OIUCHIBAET) OOBEKT (Bbl MOYKETE 3AIIUCHIBATH
HeCKOJIbKO 00bekToB). He 3a0yapre 3aKphITh (ailsr mocie m06aBIeHnsT JaHHbBIX.

sage: R.<x,y> = PolynomialRing(QQ,2)
sage: £ = (x+y)~7

sage: o = open('file.txt','w")

sage: o.write(str(f))

sage: o.close()

3.9 CoxpaHeHue n 3arpyska MnoJiHblIX ceccui

Sage obsaiaeT oUeHb TUOKUMY BO3MOXKHOCTSIMY COXPAHEHUsI W 3arPy3KU MOJTHBIX CECCHN.

Komansa save_session(sessionname) coxpaHsieT Bce Il€peMEHHbIE, KOTOPbIE BB 33/[aJIA B TEKYIIEH ceccun
B BUJIE CJIOBaps B 33JIaHHOM sessionname. (B peakom ciryuae, Korja 00beKT He TOIEPKUBAET COXPAHEHNUS,
OH TIPOCTO He By/IeT BKIIOYEH B CJI0Baph.) B pesyabrare Gyaer cosnan dails ¢ paciiuperneM . sobj 1 MOXKeT
OBITH 3arpykeH Kak Jitoboi Jpyroit oobekT. Korma Bbl 3arpykaere COXpaHeHHbIE OOBEKTHI B CECCHUIO, BbI
[IOJIy9aeTe CJIOBAPh, KII0YaMI KOTOPOTO SIBJISTFOTCA NMEHA [MEPEMEHHBIX, & 3HAYCHUSMU — OObEKTHI.

Bo1 mozkeTe ucmonp3oBaTh KoMaHIy load_session(sessionname), 9T00ObI 3arpy3UTh IMEPEMEHHbBIE, OIMMCAH-
Hble B sessionname, B TEKYIILYIO CECCHIO. 3aMEThTe, UTO ITO He yJAJSeT HepeMeHHbe, 3aJaHHble B ITON
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ceccun. BmecTo 3Toro, aBe ceccru 0ObEIMHSIFOTCS.

s Hadasia 3aIyCcTuM Sage U 383/ MM HECKOJIBKO [TePEeMEHHBIX.

sage: E = EllipticCurve('1lla')
sage: M = ModularSymbols(37)
sage: = 389

a
sage: t = M.T(2003) .matrix(); t.charpoly().factor()
4= (x - 2004) * (x - 12)72 * (x + 54)~2

Jastee, coxpaHUM HAIITy CECCHUIO, YTO BKJIIOYUT B cebs COXPAHEHNE BCEX 3aJaHHDBIX BBIIIE IEPEMEHHBIX B (DailiI.
IIorom MBI poBepuM uupOpManuio o daite. Ero pasmep — 3 kusobaiita.

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form: ~/tmp$ 1ls -1 misc.sobj

-rw-r--r-- 1 was was 2979 2006-01-28 19:47 misc.sobj

Hakomnern, Mbl nepesairyctumM Sage, 3a/aiM JOHOJHUTEIHHYIO IIEPEMEHHYIO U 3arDY3UM COXPAHEHHYIO CEC-
CHIO.

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

Kaxknas coxpanennasi mepeMeHHasi CHOBa, ABJIsIeTCs epeMentoii. Kpome Toro, nmepemennasi b e 6bLia mepe-
3alncaHa.

sage: M
Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0
and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y"2 + y = x°3 - x72 - 10*x - 20 over Rational
Field

sage: b

19

sage: a

389

3.10 UNntepdeiic Notebook

Sage notebook 3amyckaercs ¢ TOMOIIBIO CJIEIYIONEH KOMAHIBI

sage: notebook()

BBEJIEHHOU B KOMaHIHOU crpoke. OHa 3amycrur Sage notebook m oTkpoer ero B Gpaysepe Mo yMOJIAHUIO.
Qaiibl cocTosinns cepBepa xpauarcs B $HOME/ . sage/sage\ _notebook. sagenb.

Jpyrue napaMeTpbl BK/IIOYAIOT B ceOs:
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sage: notebook("directory")

DTOoT mapaMeTp IMO3BOJisieT 3aiycTuTh cepBep Notebook, ucmosb3ysi aiijibl B 3aJaHHONR JIUPEKTOPUN
directory.sagenb, BMeCTO HCIOJIb30BaHUA AUpeKTOpuH 10 ymosdanuio $HOME/.sage/sage_notebook.
sagenb. 9TO MOXKeT OKa3aThCs [IOJE3HBIM, €C/IN Bl XOTHTE UMETh KOJIJIEKIHIO PAOOTUX JINCTOB, CBSI3AHHBIX
¢ KOHKPETHBIM IIPOCKTOM, UJIU €CJIH BBl XOTUTE 3allyCKaTh HECKOIBKO OTAEIbHEIX cepBepos Notebook B omgHO
BpeMs.

Korma Ber 3amyckaere Notebook, BHawasie on coznaer ciemytomue dainbl B gupekropun $HOME/ . sage/
sage_notebook.sagenb:

conf.pickle
openid.pickle
twistedconf.tac
sagenb.pid
users.pickle
home/admin/
home/guest/
home/pub/

Tlocse cosmanus srux daitnos, Notebook 3amyckaer Beb-cepsep.

Notebook — 9T0 KoJuIeKIMs yUeTHBIX 3anucedl MoJb30BaTeell (aKKayHTOB), KAXKJIblii U3 KOTOPBIX MOXKET
UMETH JII000€ KOJUTIEeCTBO paboumx JMCTOB. Korma BbI co3jaeTe HOBBI pabotumit JiucT, mHMOpMAIs, KO-
TOpasi OIUCHIBAET €0, COXPAaHAeTCsa B AupeKTopun home/username/number. B kaxkmoit Takoit mupexkTopun
HaXOUTCs IIPOCTOH TEKCTOBBIN (haitsi worksheet .html; ec/id ITO-TO CIYIUTCS C BAIIUMEI PAOOUIUMU JTUCTAMU,
Wi ¢ Sage, WK 9TO-HUOY/Ib eIle MOWIeT He TaK, TO TEeKCTOBbI (hailsl, KOTOPHI JIErKO YUTAETCs, IIOMOYKET
BOCCTAHOBUTBH BAIll JILCT IIOJTHOCTBIO.

B Sage BBetnTe notebook? st moJrydenus 1o ipobHOi nHGOpMAaIIK 0 TOM, Kak 3airyctuth cepsep Notebook.

Crenytomas uarpaMma HILTIOCTpUPYeT apxutekTypy Sage Notebook:

firefox/safari
javascript

program

sage | SAGE process 1
web | oo > SAGE process 2 (Python processes)

server pexpect SAGE process 3

s mosiyueHusi cupaBKu O KomaHie Sage, cmd, B notebook Beemure, cmd? um Haxkmure <tab> (He
<shift-enter>).

s monydennst COpaBKHU O FOPsiYnX KJiaBuiax mHTepdeiica notebook naxkmure ccpuiky Help.
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[naBa 4

NHTepdeiicsi

KpaeyronbupiM kaMHEeM Sage sIBISETCs TOIIEPXKKA BBIUHUCJIEHAN C UCIOJIH30BAHUEM OOBEKTOB U3 PA3HBIX
CHCTEM KOMBITIOTEPHOIT aJireOpbl, KOTOPhIE HAXOIATCS “TIO OTHOM KPBIIIeil” 1 NCIoab3yIoT o0Iuit nurepdeiic
U 9HUCTHII A3BIK TPOrPAMMUPOBAHMS.

Merompr console u interact uarepdeiica senaror pasubie Bemu. Hampumep, ucmonb3yst GAP kak npumep:

1. gap.console(): OrkpriBact koHCONMb GAP 1 mepenaer ynpasmerne GAP’y. 31ecy Sage BbIcTymaer B
posu yao6HOH KOMaHHO! cTpoKu, Hanonobue obostouku Bash B GNU/Linux.

2. gap.interact(): DTo ymo0HBIN crocOb B3anMoieficTBUsI ¢ 3amynieHHbIM nHTepdeiicom GAP, “3amosn-
HeHHbIM” o0beKTaMu Sage. Bl MoxKeTe UMIIOPTUPOBAaTh 00beKThl Sage B ceccuio GAP (maxe uz un-
TepaKTUBHOrO uHTepdeiica), u mp.

4.1 GP/PARI

PARI s10 KOMIaxkTHasl, OU4eHb MPOJyMaHHasi W XOPOIIO OINTUMU3UPOBaHHAs Iporpamma Ha C, cocpemsoro-
genHast Ha Teopun unces. CymecTByer JBa pa3ie/bHbIX nHTepdeiica, KOTOpbie BbI MOXKETE UCIOJIb30BATh B
Sage:

e gp - gp - uarepuperarop “G o P ARI” | u
e pari - pari - C-6ubsmorexka PARI.

]:‘IaHpI/IlV[ep7 Caeayrone A€ CTPOYIKU BBIMIOJTHAIOT OJHY U TY 2K€ OIlepaluio. Oun BBITVIAOAT UACHTUYIHO, HO
BLIBO Ha CaMOM JeJI€e OTJINYaeTCd, a 3a KY/JIHMCaMU IIPOUCXOAAT COBCEM Da3HBbIE BEIIH.

sage: gp('znprimroot(10007)"')
Mod (5, 10007)

sage: pari('znprimroot(10007)"')
Mod (5, 10007)

B mepBom ciydae ordesnbHas komus wmHTepriperaropa GP  3amyckaercss Kak cepBep, W CTPOKa
'znprimroot (10007) ' oTmpasiisieTcss B Hero, Bbraucisercs ¢ nomornpio GP, m pesysbrar 3amuchiBaeTcst
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B nepemennyio B GP (koropas 3anummaer npocrpancTBo B namsatu nporecca GP u me Gyuer ocBoboxie-
Ha). ITocsie 3TOr0 3HAUEHNE TIEPEMEHHOI BBIBOAUTCS Ha 9KpaH. Bo BTOPOM ciiydae OT/elbHasl IIPOrpaMMa He
3aIlyCKAeTCsl, U CTPOKa 'znprimroot (10007) ' Bbrumcisiercss KoHKpeTHON dyukimeii C-6ubmuoreku PARI.
Pesynbrar coxpansiercs B heap-nmamsitu Python’a, koropasi ocBobOX)JaeTcss mocjie TOTO, KaK ME€PEeMEHHAsT
[IEPECTAET UCIOJIB30BATHCsA. ¥ OOBEKTOB PAa3HBIM THIL:

sage: type(gp('znprimroot(10007)'))
<class 'sage.interfaces.gp.GpElement'>
sage: type(pari('znprimroot(10007)'))
<type 'cypari2.gen.Gen'>

Tak Kakoii ke crrocod UCIOIB30BaTh? ITO 3aBUCUT OT TOTO, 4TO BbI nejaere. nrepdeiic GP moxer nenars
BCe, 9TO MOKeT jesarh nporpamMma GP/PARI, 3amyckaemas n3 KOMaHIHOM CTPOKH, TIOTOMY KaK OH 3aIlyCKaeT
9Ty nporpaMmy. Bbl Moxkere 3arpysuth cioxkuyio nporpammy PARI u 3amycturs ee. C apyroit ¢cropoHbl,
unrepdeiic PARI (uepes C-6ubimorexy) umeer HAaMHOTO GoJIbIe orpanndenuii. Bo-nepBoix, He Bee QyHKIMN
B Heil peaJm30BaHbl. BO-BTOPBIX, MHOI'O KOJIa, HAIIPUMED, YNUCJEHHOEe WHTEIPUPOBaHUe, He Oy/eT paborarh
qepe3 unrepdeiic PARI. Unrepitec PARI moxker 6bITh HAMHOTO ObICTpee U MOHATHEE, YeM cpaBHeruio ¢ GP.

(Ecnin y narepdeiica GP 3aKOHINTCSI TAMSITH IIPH BBIYUCJIEHUN JJAHHOM CTPOKHU, OH AaBTOMATUIECKH U (€3 Ipe-
JIYTIPEKIEHUs YIOBUT Pa3Mep CTEKa U MOIPOodyeT BhIUUC/IeHNE ele pa3. [l09ToMy Ballu BeIYUC/IEHUS BCETIA
OyIyT MPOU3BEJIEHBI KOPPEKTHO, €CJIN BbI IPABIJILHO PACIUTAETe Pa3Mep HeOOXOAUMON maMsiTi. DTOT yI00-
HBII TPIOK He BXOJUT B apceHas npocroro uareprnperaropa GP. Ornocurensno nnrepdeiica C-6ubimorekn
PARI: on cpa3y kommpyer KaxKkjiplit co3ganubii 00bekT n3 creka PARI, mosToMy cTek HUKOrJa HE PACTET.
OHaKO, KaxK/Iplil 0O'bEKT He JIOJI2KEH MpeBhimaTh padMepa B 100 Merabaiit, uin crek Oyer mepernoHeH Ipu
cozaauu 00bekTa. JIonoHuTe/IbHOE KOMUPOBAHUE HEMHOIO BJIUAET Ha OOILYIO IPOU3BOIUTEHLHOCTD. )

Sage ucnonpzyer C-6ubanoreky PARI, arobbl moiepKuBaTh (DyHKIIMOHAIBHOCTD, CXOXKYIO ¢ HHTEPIPETa-
ropom GP/PARI, HO BKJIIOUas pa3/indHble CJIOXKHBIE ONEPAIUH 10 paboTe C IHAMSITHIO U A3BIK IPOrPAMMUE-
posanus Python.

Cuauasta, cosmaaum crucok PARI us cinucka Python.

sage: v = pari([1,2,3,4,5])
sage: Vv

(1, 2, 3, 4, 5]

sage: type(v)

<type 'cypari2.gen.Gen'>

Kaxnpiit oobekr PARI saBisercs obobexktom tuma Gen. Tun PARI moxker OBITH TOJYYEH € MOMOIIBIO
dbyHKIMH-1IeHa type.

sage: v.type()
't_VEC'

B PARI, 4To06bI cO3/aTh SJUIMITUYECKYIO KPUBYIO, Hy>KHO BBecTn €llinit([1,2,3,4,5]). B Sage croco6
CXOXK, TOJMBKO €1linit — 9T0 MeTo, KOTOPBIil MOXKeT OBITh BhI3BaH Jist Jitoboro obbekra PARI, nampumep
nama t_VEC v.

sage: e = v.ellinit()

sage: e.type()

't_VEC'

sage: pari(e)[:13]

[1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

TeHepb, KOorjja y HacC €CTb 00BEKT SJIIUIITAICCKAS KpuBagd, Mbl MO>K€M BBIYUCJIUTH tITO—HI/I6y,IH).

sage: e.elltors()

(+, 01, 11
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sage: e.ellglobalred()

[10351, [1, -1, O, -11, 1, [11, 1; 941, 11, [[1, 5, 0, 11, [1, 5, 0, 1111
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f£[:5]

[1, -1, 0, 4, 3]

4.2 GAP

Sage nocrasiisiercst ¢ GAP it Beraucsienuit B 06/1aCcTH INCKPETHOM MAaTEeMATHKU, B OCOOEHHOCTH, B TEOPUHU
TpYIIL.

Bor npumep dyskmuu IdGroup uz GAP, koropas ucrosb3yer 6a3y [MaHHBIX HEOOJIBIIUX TPYIII, KOTOPAast
JIOJI?KHA OBITh YCTAHOBJIEHA OTIE/IHFHO, KAK MOKA3aHO HUXKE.

sage: G = gap('Group((1,2,3)(4,5), (3,4))")
sage: G

Group( [ (1,2,3)(4,5), (3,4) 1)

sage: G.Center()

Group( () )

sage: G.IdGroup() # optional - database_gap
[ 120, 34 ]

sage: G.Order()

120

Mg MOXkeM TpOBECTH Te ¥Ke BBIYHUC/IeHHs] B Sage 6e3 nmpsiMoro BbI3oBa uHTepdeiica GAP cienyromum obpa-
30M:

sage: G = PermutationGroup([[(1,2,3),(4,5)],[(3,4)11)
sage: G.center()
Subgroup of (Permutation Group with generators [(3,4), (1,2,3)(4,5)]) generated by [()]

sage: G.group_id() # optional - database_gap
[120, 34]

sage: n = G.order(); n

120

Hekorobie dyuknun cucrembl GAP 0CTYIHBI TOJIBKO TOCIE WHCTAJUIAINAN JBYX JOTOJTHUTETHLHBIX TTAKETOB
Sage. OHu MOTYT OBITH YCTAHOBJIEHBI KOMAHJIOM:

sage -1 gap_packages database_gap

4.3 Singular

Singular npeocraBisier MACCUBHYIO U IPOLyMaHHYI0 6uOmoTeKy mjist 6asuca ['pébHepa, HAXOXKIEHUS HAW-
OOJIBITIErO ODITETO JeUTENsd MOJUHOMOB, 0a3mca MPOCTPAHCTB IIOCKHX KpuBbix Pumana-Poxa u dakto-
pU3aIu, HapsIy ¢ JApyruMu Bem@amu. Mbl mokaykeM npuMep (hakTOPHU3AINN MOJUHOMOB C HECKOJbKAMU
[epeMEHHBIMU, UCIIOJIb3ysl uaTepdeiic Singular B Sage (ue BBOmHUTE . . . . :):

sage: R1 = singular.ring(0, '(x,y)', 'dp')
sage: R1

polynomial ring, over a field, global ordering
//  coefficients: QQ

//  number of vars : 2
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// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*y~8 - 9*x~2xy~7 - 18%x"3%y~6 - 18%x"5*xy~6 +'
cea '9*x76xy~4 + 18*%x"T*xy~5 + 36*x78*y~4 + 9%x~10*y~4 - 18*x~11xy~2 -
e '9xx~12%y~3 - 18%x~13%y~2 + 9%x~16')

Teneps Korya MbI ompeiesin f, Mbl BHIBOJUM Ha 9KPaH U (PaKTOPU3YEM.

sage: f

9*x716-18*x"13*%y~2-9%x"12%y~3+9*x~10*y~4-18*x"11*y~2+36*x " 8*y ~4+18*x " 7*y~5-18*x"5*y~6+9*x~6*y~4-
—18*x" 3%y~ 6-9%xx" 2%y~ T7T+9%y~8

sage: f.parent()

Singular

sage: F = f.factorize(); F

[1]:
_[11=9
_[2]=x"6-2%x"3%y~2-x"2*y~3+y~4
_[3]=-x"5+y~2

[2]:
1,1,2

sage: F[1][2]
X"6-2%x" 3%y "2-x"2%y " 3+y~4

Kak u na npumepe GAP B GAP, MBI MOXKEM COBEPIIUTH NAHHYIO (HAKTOPUIAIUIO €3 MPAMOTO yKa3aHUs
unrepdeiica Sage (ogHAKO 3a KysiucaMmu Sage Bce paBHO uciosb3yercs uarepdeiic Singular). He Bomure

sage: x, vy = QQ['x, y']l.gens()

sage: £ = (9%y~8 - 9*x"2%y~7 - 18*x"3*y~6 - 18*x"b*y~6 + 9*x"6xy 4

e + 18%x”7*y~5 + 36*x"8%y~4 + 9xx~10%y~4 - 18*x"11xy~2 - 9*%x~12%y~3
S - 18%x”13%y~2 + 9%x~16)

sage: factor(f)

(9) * (-x75 + y~2)72 * (x76 - 2*%x"3xy~2 - x"2%y~3 + y~4)

4.4 Maxima

Maxima BritoueHa B Sage, Tak ke Kak peasusanus Jlucoa. [Taker gnuplot (koropseiii Maxima ucnosbsyer
[0 YMOJTYAHUIO ISl TIOCTPOEHUsT rPaduKOB) PACIPOCTPAHSIETCST KAK JIONOJHUTEIbHBII makeT Sage. Kpome
ocTaJIbHBIX Bemleil, Maxima 1o3BoJisleT IIPOU3BOAUTh CUMBOJIMYECKre MaHUIy Isiiun. Maxima moxkeT nHTe-
rpupoBaTh u AuddepeHnupoBaTh (MYHKIMN CAMBOJUYECKH, PellaTh OOBIKHOBEHHBIE TuddepeHiaibHbe
ypaBHeHUs 1ro mopsijika, OOJIBINYI0 YaCTh JIMHEHHBIX OOBIKHOBEHHBIX It depeHInalbHbIX YPABHEHUN 210
[IOPSAJIKA, UCIIOJI30BATH IIpeobpa3oBanus Jlammaca Kak METO, IS PEIeHIs JTMHEHHBIX OOBIKHOBEHHBIX Jud-
depeHnraabHbIX ypaBHEHNH JI000r0 mopsaka. Maxima TakxKke ‘3naer” 0 OOJBIIIOM HAOOpPe CIEIHAJIbLHBIX
dYHKIMIL, ©MeeT BO3MOXKHOCTb CTPOUTH IpaUuKU Py MOMOIIM gnuplot, MeeT MeTOJ bl PEIlleHrsT 1 MAHUILY-
Jgnuu Marpunamu (K npumepy, Merol Laycca, HaxoxKaeHue COOCTBEHHBIX 3HAYCHUI U BEKTOPOB), a TaK¥kKe
YMEET PelraTh TOJTMHOMBI.

Mpbr npowiiocTpupyeM pabory Sage/Maxima ¢ HOMOIIBIO MATPHIIbI, 3HAYEHUS i, j KOTOPOIl sABJISIOTCH 1/,
ang i, 5 =1,...,4.

sage: f = maxima.eval('ij_entryl[i,j] := i/j")

sage: A = maxima('genmatrix(ij_entry,4,4)'); A
matrix([1,1/2,1/3,1/4]1,[2,1,2/3,1/2]1,[3,3/2,1,3/4]1,[4,2,4/3,1]1)
sage: A.determinant()
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0

sage: A.echelon()
matrix([1,1/2,1/3,1/4],[0,0,0,0],[0,0,0,0],[0,0,0,01)

sage: A.eigenvalues()

[[0,4],[3,1]]

sage: A.eigenvectors()
[cro,41,rs,111,rcrt,0,0,-41,[0,1,0,-21,[0,0,1,-4/311,[[1,2,3,4111]

Bot npyroit mpumep:

sage: A = maxima("matrix ([1, O, O], [1, -1, 0], [1, 3, -2])")

sage: eigh = A.eigenvectors()

sage: V = VectorSpace(QQ,3)

sage: eighA

rec-2,-1,11,01,1,111,0C0,0,111,[[0,1,31],[[1,1/2,5/611]]

sage: vl = V(sage_eval(repr(eigA[11[0][0]))); lambdal = eigA[0] [0] [0]
sage: v2 = V(sage_eval(repr(eigA[1][1]1[0]))); lambda2 = eigA[0] [0] [1]
sage: v3 = V(sage_eval(repr(eigA[1]1[2][0]))); lambda3 = eigA[0] [0][2]

sage: M = MatrixSpace(QQ,3,3)

sage: AA = M([[1,0,0],[1, - 1,0],[1,3, - 211)
sage: bl = vl.base_ring()

sage: AAxvl == bl(lambdal)=*vl

True

sage: b2 = v2.base_ring()
sage: AA*v2 == b2(lambda2)*v2
True

sage: b3 = v3.base_ring()
sage: AAxv3 == b3(lambda3)*v3
True

Haxkomrer, MbI oKaxkeM, Kak CTpOUTH rpaduku cpejcrBamu openmath. MHOTIE IpUMeEpBI SIBJISIOTCS MOJIH-
GbUIMpoOBaHHBIMU IPUMEpPAMU U3 PYKOBOICTBa K Maxima.

2-mepHble rpaduKkn HecKoIbKUX byHKIui (He BBOIUTE . . . . :):

sage: maxima.plot2d (' [cos(7#*x),cos(23%x)~4,sin(13*x)~3]"',"'[x,0,1]"', # not tested
co ' [plot_format,openmath] ')

“ZKusoit” TpexmepHblii rpaduK, KOTOPBI Bbl MOXKeTEe BPAINATh MBIIIKON (HE BBOAUTE . . . .:):
sage: maxima.plot3d ("2~ (-u~2 + v~2)", "[u, -3, 31", "[v, -2, 21", # not tested

et ' [plot_format, openmath]')

sage: maxima.plot3d("atan(-x~2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested

o "[grid, 50, 50]",'[plot_format, openmath]')

Cuenyrormuii rpaduk — 1o 3uamenuras Jlenra Mébuyca (ue BBomuTe . . . . :):

sage: maxima.plot3d("[cos(x)*(3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)]1", # not tested
"[x, -4, 41", "[ly, -4, 41",
el ' [plot_format, openmath]')

Cuenyrormuit rpaduk — 1o 3uamenuras Byrouika Kieiina (ne BBogure . . . . :):

sage: maxima("expr_1: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
5*xcos (x)*(sin(x/2) *sin(2*y)+cos(x/2) *cos(y)+3.0)-10.0

sage: maxima("expr_2: -5*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*xy)+ 3.0)")
-5*sin(x)*(sin(x/2) *sin(2*y)+cos(x/2) *cos(y)+3.0)
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sage: maxima("expr_3: 5x(-sin(x/2)*cos(y) + cos(x/2)*sin(2xy))")
5% (cos (x/2)*sin(2xy) -sin(x/2) *cos(y))

sage: maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, -%pi, %pil", # not tested

R "y, -%pi, %pil", "['grid, 40, 40]",
R ' [plot_format, openmath]')
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[naBa 5

[lporpammupoBaHue

5.1 3arpy3ka un npukpennenune daiinos Sage

Ciremyrolee OKa3bIBaeT, KaK MOAIPY2KaTh IIPOrpaMMbl B Sage, 3alluCaHHble B OTe/bHbI (daiti. Coznaiite
daitr example.sage CO CJIEYIONAM COJIEPKAHUEM:

print("Hello World")
print(2°3)

Bb1 MoXkeTe pounTaTh M BBHINOJIHUTH example.sage ¢ IIOMOIIBI0 KOMaHIbI load.

sage: load("example.sage")
Hello World
8

Bor Takke MoxKeTe IpUKpenuTh (haitil Sage K 3allyIeHHOl CeCCUr B TIOMOIIBI0 KOMAHbI attach:

sage: attach("example.sage")
Hello World
8

Teneps eciiu Bol u3menure Gailn example.sage u BBejeTe MyCTyIO CTPOKY B Sage (T.e. HazkmuTe return),
TO coJiep:KuMoe example . sage OyJIeT aBTOMATHYECKH TIEPErPyKeHo B Sage.

B wactHocTu, attach aBromaruvecku meperpyzkaer ¢aitsi, KaK TOJbKO OH M3MEHEH, YTO OYeHb YJI0OHO TIpu
omcKe omuboK B Kojie, TOrja Kak load 3arpyzkaer (ailjl JIMib eIuHOK b

Korma example.sage 3arpyxkaercs B Sage, oH mepeBoguTcs B Python, a 3arem BBITOTHSETCsST ¢ TIOMOIIBIO
uarepnperaropa Python. 3aTparsl Ha JaHHYIO OHEPAIMI0 MUHUIMAJILHBI; B OCHOBHOM, 9TO BKJIIOYAET B cedst
[IePeBO/I, 1IEJIbIX KOHCTAHT B Integer (), apobubIX KOHCTAHT B RealNumber (), 3ameny ~ Ha ** ¥, HAIPUMED,
R.2 na R.gen(2). Ilepesesiennas Bepcusi example.sage Oy/eT cOJepKATbCS B TOW Ke JUPEKTOPUHU, UTO
example.sage, 110/[ Ha3BaHueM example.sage.py. Jdannsiit daitn Oymer comepkaTh CiIeLyomuit Ko/

print("Hello World")
print (Integer (2) **Integer(3))

67




Sage Tutorial in Russian, Bbinyck 8.0

Hesble KOHTCTAHTHI HepeBeieHbl U ~ 3aMeneno Ha **. (B Python ~ osmauaer “nckinouaromee MJIN” u **

O3HAYAET “BO3BEJIEHNE B CTeleHb.)
Jlanuble oneparyu BBIIOJHAIOTC B sage/misc/interpreter.py.)

Bbl uMeeTe BO3MOXKHOCTD BCTABJISTh MHOTOCTPOYHBINA KOJ, ¢ OTCTYIIaMH B Sage [0 TeX II0p, II0Ka €CTh HOBbLIE
CTPOKH JiJIsl HOBBIX 0JIOKOB (3T0 Heobst3aresibHO jyist daiinos). OpHako, JIydiuM criocoboM i BCTaBKU
TaKOro KOJa sIBJISIETCs COXpaHeHne B (haiil 1 UCIOJb30BaHne attach, Kak OIMMCAHO BHIIIIE.

5.2 Co3pgaHne KOMNUINPOBAHHOIO Koaa

CKOpOCTb — BaskKHAsI COCTABJISAIONAS B MATEMATHIECKIX BBIMACIEHUAX. X0Ts Python sBsieTcst BBICOKOYpPOB-
HEBBIM A3BIKOM IIPOrPAMMHUPOBAHMS, HEKOTOPBIE BBIYUCICHIA MOTYT OBITH BLIIIOJHEHBI HA HECKOJIBKO HOPSIJI-
KOB ObIcTpee B Python npu uCHob30BaHuM CTATHYECKUX TUIOB JAHHBIX P KOMIIMJIMPOBaHun. Hekoropbre
KOMIIOHEHTHI Sage ObLIn Obl CJIUIIKOM MeJJIeHHBLIMH, Oy/Ib OH HamucaH mneiaukoM Ha Python. s sToro Sage
HOJJIEPKUBACT KOMIMIUPOBaHHyIo “Beperio” Python, koropas nasesaerca Cython (/Cyt/ u [Pyr]). Cython
OJHOBpeMeHHO 1moxoK n Ha Python, n ma C. BoabmmucTBo KoHCcTpyKImit Python, skmouas npepcrapienne
CIIMCKOB, yCJIOBHBIE BBIPAXKEHMsI, KOJI HAIIOI00ME +=, Pa3pPEIIeHbl; Bbl TAKyKe MOXKETe MMIIOPTUPOBATH KO/,
HAIMCAHHBINA B Apyrux Moayiaax Python. Kpome Toro, BBl MOXkKeTe OObABIATH NPOU3BOJIBHBIE IIEPEMEHHBIE
C u Hanpsimyto obpamarbest K oubsmorekam C. Koneunsbrit Koy Oyier ckonBeprupoBad B C u obpaboran
rkommmisitopom C.

Juis Toro, 4Tobbl cO3aTh KOMIMJIUPYEMbIil KOJ B Sage, obbssure (daiia ¢ pacimpenueM .spyx (BMecTo
.sage). Ecuu Bbl paboraere ¢ unrepdeiicoM KOMMAHIHON CTPOKH, Bl MOYKETE [IPUKPEIUIATh U 3arpyKaTh
KOMIIWJIUPYEMBIH KOJ| TOYHO TaK Ke, KaK U MHTepUPeTUPYeMblil (Ha JaHHBIA MOMEHT, IPUKPEIICHUe U 3a-
rpyska koja Ha Cython e nmosep:kusaercst B uaTepdeiice Notebook). CamMo KOMIUIMPOBAHUE TPOUCXOIUT
“ga KyJimcamMu’, He Tpebysl KaKuX-aubo JeiicTBuil ¢ Baieii croporbl. KomnuimpoBarHasi 6ubmoreka oOIImx
00bekTOB cojiepkuTcs B $HOME/ . sage/temp/hostname/pid/spyx. D1u daityibl OyLyT y1aleHbl IPU BBIXOJIE
u3 Sage.

IIpe-nntapcuposka ne npumensercs K spyx dairam. Hanpumep 1/3 npesparurcs B 0 B spyx daiisie BMeCTO pa-
roHasbHOrO uncaa 1/3. JomycruMm, foo - 1o dyHKIWMs B 6Gubmoreke Sage. Jjist TOro, 4To6bI UCIOIB30BATE
ee u3 spyx-caiisia, umnoprupyiire sage.all u npumenure sage.all.foo.

import sage.all
def foo(n):
return sage.all.factorial(n)

5.2.1 Hdoctyn k dyHkuuam C n3 BHewHux cpaiinos

Hocryn Kk dyskiusasm C u3 BHeEmMHUX *.c (DailjIoB OCYIIECTBJISAETCS JOBOJIBHO 1pocTo. Cosmaiite aiiyibl
test.c u test.spyx B OJAHON AUPEKTOPUN CO CJICAYIOIINM COJICPXKAHUEM:

Kox ma a3pike C: test.c

int add_one(int n) {
return n + 1;

}

Kopn na sizpike Cython: test.spyx:

cdef extern from "test.c":
int add_one(int n)
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def test(n):
return add_one(n)

Brimosinure:

sage: attach("test.spyx")
Compiling (...)/test.spyx...
sage: test(10)

11

B tom ciygae, ecim monamobuTcs momosHUTENbHAS Oubamorexka foo My TOTO, 9TOOBI CKOMIIMJINPOBATH
oy, Ha C, momydenusnii u3 daira Cython, mobasbre clib foo B mcrounmk Cython koma. Anasormdmo,
nonosianTe bHbIA C daiin bar Moxker ObITh J00aBJIEH B KOMIIMJISIUIO ¢ 00bsaBieHnem cfile bar.

5.3 CamocTtositensHbie ckpuntbl Python/Sage

,B;aHHbeI CaMOCTOATEJIbHBINA CKPHIIT Sage pacKIaabIBa€T Ha MHOXKHUTEJIN IIeJIble YUCJIa, IIOJTMHOMBI W T.II.:

#!/usr/bin/env sage

import sys
from sage.all import *

if len(sys.argv) != 2:
print ("Usage: <n>" % sys.argv[0])
print ("Outputs the prime factorization of n.")
sys.exit (1)

print (factor(sage_eval(sys.argv[1])))

st Toro, 9ToOBI UCIOJIB30BaTh 3TOT cKpuntT, SAGE_ROOT mosmken 6biTh B PATH. Eciin BbimeonncanHblii
CKPHIIT Ha3bIBaeTCs factor, cieryolee MOKa3bIBAET, KAK €r0 BBIITOJIHUATH:

bash $ ./factor 2006

2 % 17 * 59

bash $ ./factor "32xx"5-1"

(2xx - 1) * (16%x74 + 8%x~3 + 4*x~2 + 2xx + 1)

5.4 Twnbl AaHHbIX

Kaxknpriit o6bekT B Sage nmeer ompejiesiennbiii Tur. Python Britiogaer B cebst GOIBINON CIEKTP BCTPOEHHBIX
THUIIOB TOTJIA, KaK OMOInoTeKn Sage 100aBIIsA0T erle 6oJbIine. BerpoeHHble TUIIBL TaHHBIX Python BritouaroT
B ce0s1 CUMBOJIbHBIE CTPOKM, CIIMCKH, KOPTEXKH, IEJIbIE U JIPOOHBIE THCIA:

sage: s = "sage"; type(s)

<... 'str'>

sage: s = 'sage'; type(s) # Bol Moxeme ucnoab3oeamb 060lHblE UAU 0OUKAPHbIE KABbLIYKU
<... 'str'>

sage: s = [1,2,3,4]; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)

<... 'tuple'>

sage: s = int(2006); type(s)
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<... 'int'>
sage: s = float(2006); type(s)
<... 'float'>

B cBoto ouepesip Sage j100aBisieT MHOTO JIPYTUX THUIIOB JIAHHBIX, HAIIPUMED, BEKTOPHOE TOJIE:

sage: V = VectorSpace(QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type(V)

<class 'sage.modules.free_module.FreeModule_ambient_field_with_category'>

Tousibko ompejiesiennble (DYHKIIMU MOTYT ObITH HpuMeHeHbl K V. B Apyrux mareMarwmdecKux MporpaMMax
(dYHKIMY BBI3BIBAJIUCH ObI B “¢dyHKimonaabaoM” Buge: foo(V,...). B Sage onpenenennble pyHKIUN [Ipu-
KpeIuieHbl K Tuity (mim Kiaccy) V i BhI3BIBAIOTCs ¢ HOMOIIBIO 00HEKTHO-OPUEHTUPOBAHHOTIO CHHTAKCHUCA, KAK
B Java wim C++, manpumep, V.foo(...). D10 crrocodbCTBYeT TOMY, YTO UMEHHAsT 00JIACTD BUIUMOCTHU HE 3a-
XJIAMJISIETCSI JIECSITKAMU ThICTY (DYHKIHIA, U 03HAYAET, ITO MHOTHE (DYHKIIUU C PA3HBIM COJIEPYKAHUEM MOTYT
ObITH Ha3BaHbI “f00” 63 IMPOBEPKU TUIIOB apryMeHTOB. Tak»Ke, eciiu Bbl uctosibsyere uMsi (yHKIMH TIOBTOP-
HO, 9Ta (DYHKIUS BCE PABHO JIOCTyIHA (HAIpuUMep, ecju Bbl BBI3bIBa€TE UTO-TO HAIOJ00MEe zeta, a 3areM
XOTHTE BBIUUCIUTH 3Hadenne dbyuximuu Riemann-Zeta nupu 0.5, Bor Mmoxkere nanedarars s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zeta()
-1.46035450880959

B HeKoTOpBIX YaCTO BCTPEUAIONINXCS CIIyUIasax, OObIIHOE (DYHKIIMOHAIbHOE 0003HAMEHNE TaKKe CIIOCOOCTBYET
yI0OCTBY U3-3a TOrO, 9YTO MATEMATHYECKHE BBIPAXKEHUsI MOI'YT BBIJISIETH 3aIlyTAHHO [PU UCAOJIH30BAHUU
00'bEKTHO-OPMEHTUPOBAHHOIO 0003HaueHusi. Hampumep:

sage: n = 2; n.sqrt()
sqrt(2)

sage: sqrt(2)

sqrt(2)

sage: V = VectorSpace(QQ,2)
sage: V.basis()

L

(1, 0),
(0, 1)
]
sage: basis(V)
[
1, o,
(0, 1)
]

sage: M = MatrixSpace(GF(7), 2); M

Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,4]); A

[1 2]

[3 4]

sage: A.charpoly('x")

X"2 + 2xx + 5

sage: charpoly(A, 'x')

X"2 + 2*xx + 5

st Toro, 4TOOBI Eepednc/inTh BCe UjleHbl-QYHKINUU JJisi A, HamedartaiiTe A., a 3aTeM HaXXMUTE KHOIIKY
[tab] ma Bameit ktaBuaType, Kak ommcano B pazzuesnae OoOpammviti nouck u aemodonoNHEHUE
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5.5 CI'II/ICKI/I, KOPTEXN n nocinenoBatesibHOCTM

Tun JaHHBIX CIHCOK MOYKET XPAHUTH B cebe 3JIeMeHThl pa3Hbix TUHOB Janubix. Kak B C, C++ u T.J1., HO B
OTJIMYHUE OT JPYTUX ajaredpamdecKux CUCTEM, JIEMEHTHI CIIICKa HA4YMHAIOTCS ¢ uHAekca (:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; v
[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type(v)

<... 'list'>
sage: v[0]

2

sage: v[2]

5

IIpu wHIAEKCHpOBAHUN CIIMCKA, TPUMEHEHNE WHIEKCOB, He SBJIAIOMMXCS IeabiM unciioM Python, cpaboraer
HOPMAaJIHHO.

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # yesnoe uwucao Sage

sage: v[n] # pabomaem npaguabHO

3

sage: v[lint(n)] # moxe pabomaem npaeusbro
3

DyHKIMs range CO3Ia€T CIUCOK IIEJIbIX YUCEs, UCIOo/Ib3yeMbix Python(ue Sage):

sage: range(l, 15)
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

970 ymobHO, KOTJa JJIsi CO3/aHusl CIINCKOB UCIIOJIB3YETCsI BUJ CIIACKA!

sage: L = [factor(n) for n in range(l, 15)]

sage: L

[1, 2, 3, 272, 5, 2 %3, 7, 273, 372, 2 * 5, 11, 272 * 3, 13, 2 * 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(mn)]

[1, 3, 5, 7, 372, 11, 13]

Juist Gosrbiero noHUMaHus ciuckos cM. [PyT].

Pacmerntenne cimckos - 310 ogenb ymobubiit nactpyment. Jomyctum L - 910 cromcok, Toraa L[m:n] Bepuer
[IOJI-CITUCOK L, MOJIyueHHBIN, HAYMHAS C SJEMEHTA Ha MO3WUIINU 1M U 3aKAHIUBAsl 3JIEMEHTOM Ha IIO3WIAN
(n — 1), KaK MOKA3aHO HUKE.

sage: L = [factor(n) for n in range(l, 20)]

sage: L[4:9]
[6, 2 % 3, 7, 273, 372]
sage: L[:4]

(1, 2, 3, 272]

sage: L[14:4]

1

sage: L[14:]

[3 * 5, 274, 17, 2 * 372, 19]
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KOpTe}KI/I UMEIOT CXOJCTBO CO CIIMCKaMM, OJJHAKO OHM HEeU3MeHdAEeMbl C MOMEHTa CO3JaHUA.

sage: v = (1,2,3,4); v

1, 2, 3, 4
sage: type(v)
<... 'tuple'>

sage: v[1] =5
Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

ITocsienoBaTe TLHOCTH - 3TO TUI JIAHHBIX, CXOXKUI IO cBoOMicTBaM co crimckoM. [lociteioBaTeTbHOCTH KaK THIT
JaHHBIX He BCcTpoeHbl B Python B ommmame or crimckos u koprexeit. [lo ymomganuio, mocienoBaTebHOCTD
SIBJISIETCsl M3MEHSEMON, OJIHAKO WCIOJIb3ys MeToJ set_immutable m3 kiacca Sequence, OHa MOXKET OBITH
clielaHa HeM3MEHseMOl, KaK IIOKa3aHO B CjeayionieM npumepe. Bee ssieMeHThI 110C/Ie/10BATEIbHOCTH UMEIOT
00ITero poguTesl, UMEHYEMOI0 YHUBEPCYMOM IIOCJIEIOBATEIHOCTH.

sage: v = Sequence([1,2,3,4/5])

sage: Vv

(1, 2, 3, 4/5]

sage: type(v)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1])

<type 'sage.rings.rational.Rational'>
sage: v.universe()

Rational Field

sage: v.is_immutable()

False

sage: v.set_immutable()

sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

HOCJIe,HOBaTeJIBHOCTI/I MOryT OBLITH UCIIOJIBE30BAHEI BE31e, rjae MOryT OBLITH UCIOJIL30BAHLI CIIUCKHU:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance(v, list)

True

sage: list(v)

(1, 2, 3, 4/5]

sage: type(list(v))

<... 'list'>

Basuc JJIsl BEKTOPHOTI'O IIOJIA fABJIACTCHA Hen3MeHAeMO II0CJIeZIOBATEJIbHOCTBIO, TaK KaK O4Y€Hb BazKHO He
M3MEHSTH UX. DTO IIOKA3aHO B CJICAYIOIIEM IIpUMeEpe:

sage: V = QQ°3; B = V.basis(); B

[

(1, 0, 0),
0, 1, 0),
(0, 0, 1)

]
sage: type(B)

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]
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Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe()
Vector space of dimension 3 over Rational Field

5.6 Cnosapwu

CaoBaps (Tak»Ke MIMEHYEMBIl aCCOIMATUBHBIM MACCHBOM ) - 3TO COIIOCTABJIEHHUE ‘XIIMUPYEMbIX’ 00BEKTOB (KaK
CTPOKH, YKCJIa WU KOPTEXKM U3 HHUX; CM. jlokyMmeHTanuto Python: http://docs.python.org/tut/node7.html u
http://docs.python.org/lib /typesmapping.html) npousBosbHBIM 06bEKTAM.

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type(d)
<... 'dict'>
sage: d.keys()
[1, 'sage', Integer Ring]
sage: d['sage']

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

TpeTI/IfI KJII09 ITOKa3bIBA€T, 9YTO MHJ/ICKCBI CJIOBapsdA MOI'y OBLITH CJIO2KHBIMU, KaK, HallpuMep, KOJIbIIO IeJIbIX
quceJI.

Mo>KHO IPEBPATUTH BBIIIEONUCAHHBIN CJIOBAPH B CIIMCOK C TEM K€ COJEP2KIMBIM:

sage: list(d.items())
[(1, B), ('sage', 17), (Integer Ring, Finite Field of size 7)]

YacTo ucroas3yeMoil IPaKTUKON SBJISIETCS [TPOM3BEIEHIE NTEPAIHil 10 mapaM B CJI0BapPE:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items()]
[8, 27, 64]

Kak nokasbiBaeT mocieauil npuMep, CJI0Bapb HE YIIOPsIOYEH.

5.7 MHoxecTBa

B Python ecth BCTpOEHHBIN THUI MHOXKECTBO. [VIABHBIM ITPEUMYIIECTBOM 3TOIO THIA SBJIAECTCA OBICTPBIi
IPOCMOTD, TIPOBEPKA TOI'0, IPUHAJJIEYKUT JIU SJIEMEHT MHOXKECTBY, & TaKxKe OOBITHBIE OLEPAINN U3 TEOPUN
MHOXKECTB.

sage: X = set([1,19,'a']); Y = set([1,1,1, 2/3])
sage: X # random sort order

{1, 19, 'a'}

sage: X == set(['a', 1, 1, 19])
True

sage: Y

{2/3, 1}
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sage: 'a' in X

True

sage: 'a' in Y

False

sage: X.intersection(Y)

{13

B Sage Tak»Ke mMeeTCsI CBOI THIT JAHHBIX MHOYKECTBO, KOTODBIH (B HEKOTOPBIX CJIy4dasiX) OCYIIECTBJIEH C UC-
MIOJIB30BAHUEM BCTPOEHHOrO TUIA MHOXKeCTBO Python, Ho BK/ouaer B cebst DyHKIIMOHAIBLHOCTD, CBI3aHHYIO
¢ Sage. CozpnaiiTe MHOXKeCTBO Sage ¢ nmomombio Set (. . .). Hanmpumep,

sage: X = Set([1,19,'a']); Y = Set([1,1,1, 2/3])
sage: X # random sort order

{'a', 1, 19}

sage: X == Set(['a', 1, 1, 19])
True

sage: Y

{1, 2/3%}

sage: X.intersection(Y)

{1}

sage: print(latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set(ZZ)

Set of elements of Integer Ring

5.8 NrepaTtopeol

Wreparopst - 310 cpaBHUTEIHHO HeaBHee nobaBenne B Python, koTopoe siBisieTcst 09€Hb MOJIE3HBIM B MaTe-
MaTUIeCKUX TPUIOKeHnAX. HeCKOIIbKO TPUMEPOB UCIOIb30BAHNS NTEPATOPOB IIPUBE/IEHBI HIXKE; ITOIpOodHEe
eM. [PyT]. 3neck co3maercst UTepaTop Jisi KBIPATOB HEOTPUIATENLHBIX duces 10 10000000.

sage: v = (n~2 for n in xrange(10000000))
sage: next(v)

0
sage: next(v)
1
sage: next(v)
4

Ciremyromuit TpuMep - CO3JIaHMe UTEPATOPOB M3 HPOCTBIX 4nces BHja 4p + 1 ¢ mpocTbIM p W MPOCMOTP
HECKOJIbKUX IIePBBIX 3HAUEHU:

sage: w = (4%p + 1 for p in Primes() if is_prime(4xp+1))

sage: W # random output wa caedywyeld cmpoke 0xzb0853d6c Momkem bbime Opy2uM WeCMHAOYAMUD UYHbIM
s YUCAOM

<generator object at 0xb0853d6c>

sage: next(w)

13
sage: next(w)
29
sage: next(w)
53

OHpe,ILe.HeHHbIe KOJIbIla, KaK 1 KOHEYHBbIC II0JIsA U IIeJIbIe YhCJ/Ia, UMEIOT UTepaTOPbI:
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sage: [x for x in GF(7)]

[0, 1, 2, 3, 4, 5, 6]

sage: W = ((x,y) for x in ZZ for y in ZZ)
sage: next (W)

0, 0)

sage: next (W)

0, 1)

sage: next (W)

(0, -1)

5.9 Uuknbl, dyHkunn, ynpasnsiouime KOHCTPYKLUN N CPaBHEHUS

MpsrI y2ke BujieIM HECKOJIBKO IIPUMEPOB € HCIoJb30BaHueM 1nukios for. B Python mukn for mmeer tabysm-
POBaHHYIO CTPYKTYPY:

>>> for i in range(5):
print (i)

> W NN - O

3amerbre gBoeroune Ha KoHile Boipaxkenus(“do” wiu “od”, kak GAP wiu Maple, ne ucnosnb3yiorcs), a orcTy-
bl Iepesy “resioM” IUKJIA, B 9aCTHOCTH, repej, print (i). Dtu orcTynbl BaxKHBI. B Sage oTCTyIbI CTaBsTCs

aBTOMATHYECKH IPU HaXKaTHU enter rmocJe ”:”, Kak II0Ka3aHO HUXKeE.

sage: for i in range(5):
R print(i) # maxumTe Enter nBaxzn

CumBoJs1 = ucnosb3yercs i npucBanBanus. CUMBOJI == UCHOJIb3YETCS JJIsi IPOBEPKU PABEHCTBA:

sage: for i in range(15):
R if ged(i,15) == 1:
el print (i)

NwmetiTe B BuLy, KaK TaOY A OMPEIEsieT CTPYKTYPY OJIOKOB 1j1s1 ortepaTopoB if, for u while:

sage: def legendre(a,p):
Lo is_sqr_modp=-1
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el for i in range(p):

R if a % p==1i"2 % p:
e is_sqr_modp=1
e return is_sqr_modp

sage: legendre(2,7)

sage: legendre(3,7)
-1

Koneuno, sro He 3pdekruBHas peasmsanus cuMpoja Jlexanapa! JlaHHBINA IpUMEp CILYXKUAT JIMIIb MJLIIO-
cTpaneli pa3HbIX aclleKToB nporpamMvuposanus B Python/Sage. @ynkiust {kronecker}, Bcrpoennas B Sage,
nosicanThiBaeT cuMBoJI Jlexkauapa s derTuBHO ¢ ucnoab3oBanneM 6ubmorek C, B 9aCTHOCTH, € MCIIOJIB30-

panumeM PARI.

CpaBuenust ==, =, <= >= > < MeXKJy YUCJAMH aBTOMATUYIECKHU MTEPEBOJAT 00a WIeHA B OJMHAKOBBIN THIL:

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

Wcnonwayiite mepemennsie bool 771 CHMBOJIBHBIX HEPABEHCTB:

sage: x < x + 1

x<x+1
sage: bool(x < x + 1)
True

IIpu cpaBHeHUNM OOBEKTOB PA3HOIO THUIA B OOJIBIIMHCTBE C/IyYaeB Sage MONBITACTCH HANTH KAHOHUIECKOE
npuBeienne oboux K obIemMy poauTtenio. Ilpu ycmexe, cpaBHEHNE BBITTOJTHIETCS MEXKTY TPUBEICHHBIMUA 00b-
€KTaMU; €CJIA HET, TO OObEKTHI OYIyT paclieHeHb! KaK HepaBHbIe. /It IPOBEPKU PABEHCTBA JIBYX IEPEMEHHBIX
ucnosip3yire is. Hampumep:

sage: 1 is 2/2

False

sage: 1 is 1
False

sage: 1 == 2/2
True

B caemyromux 1Byx cTpoKax IepBoe HEPABEHCTBO JaeT False, Tak KaK HET KAHOHUYECKOro Mopdusma Q —
F5, mostoMy He cymiecTByeT KaHOHU4YeCKOro cpasHenusi Mexkiay 1 B Fs u 1 € Q. Omnako, cymiecrByer
KaHoHUYecKoe npupeienne Z — Fy, mosromy Bropoe Bbipaxkenue maer True. 3aMeTbTe, HOPSIOK HE UMEET
3HAYEHUS.

sage: GF(5)(1) == QQ(1); QQ(1) == GF(5)(1)
False

False

sage: GF(5) (1) == ZZ(1); ZZ(1) == GF(5) (1)
True

True

sage: ZZ(1) == QQ(1)

True
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BHUMAHUE: Cpasuenne B Sage mpoBojuTcs OoJiee )kéctko, geM B Magma, kotopas obbsiBisier 1 € Fy
paBHbIM 1 € Q.

sage: magma('GF(5)!1 eq Rationals()!1") # optional - magma
true

5.10 TMpodunnuposaxne

Asrop pazzena: Martin Albrecht (malb@informatik.uni-bremen.de)
“TIpexkeBpeMeHHAsT OMITUMHU3AIUs - 9TO KOpeHb Bcero 37a.” - Honamasa Kuayr

YacTo oueHb IOJIE3HO NIPOBEPSATH KOJ[ Ha CJIabble MeCTa, IOHMMAaTh, KaKHe YaCTH OTHUMAIOT HAWOOJIbIIee
BpeMsI Ha BBIYHUCJICHUS; TAKUM 0Opa30M MOYKHO y3HATH, KAKUE YaCTH KOJIa HAJI0 ONTUMHU3UPOBaThL. Python u
Sage 1pesocTaBISIeT HECKOJIBKO BO3ZMOXKHOCTE J1jisd MPOMUINPOBaHUs (TaK HA3ZLIBAETCS STOT MPOIECC).

CaMplit JIeTKUi Iy Th - 9TO UCHOJIBb30BaHNe KOMaH bl prun. OHa BO3BpaIaeT KPATKylo WH(MOPMAIUIO O TOM,
KaKoe BpeMs OTHHUMAaeT Kaxkiasd dyukius. Jlaiee ciexyer mpuMep yMHOKEHIST MATPHUI] U3 KOHEYHBIX MOJIeii:

sage: k,a = GF(2%%8, 'a').objgen()
sage: A = Matrix(k,10,10, [k.random_element() for _ in range(10%10)])

sage: Jprun B = AxA
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno(function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)

1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(__mul__)
1903 0.120 0.000 0.200 0.000 finite_field_element.py:47(__init__)
1900 0.090 0.000 0.220 0.000 finite_field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add__)

1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__)
2105 0.070 0.000 0.070 0.000 matrix.py:282(ncols)

B mammom mpumMepe ncalls - 9TO KOJIUIECTBO BHI30BOB, tottime - 3TO 00IIee BpeMs, 3aTpadeHHoe Ha OIpeie-
JieHHYI0 (DYHKIMIO (38 MCKJIIOUEHHEM BPEMEHU BBI30BOB CyO-(yHKIuii), percall - 910 oTHOIIEHHE tottime
K ncalls. cumtime - 310 00Illee BpeMs, IOTPaYEHHOE B 3TOH U BceX CcyO-pyHKImMAX, percall - 9T0 OTHOIIE-
HUe cumtime K YHC/Iy IPUMHUTUBHBIX BbI30BOB, filename:lineno(function) mpemocraBisier WHMOPMAIUIO
0 KaxJI0il pyHKImu. Uem Bbiire QyHKIUS HAXOIAUTCS B 9TOM CIIACKE, TeM OOJIbIlle BDEMEHU OHA OTHUMAET.

prun? IMOKaXKeT JeTajd O TOM, KaK WCIOJIb30BATH KOMAHIY HTPOMUIMPOBAHUS U MOHUMATH PE3YJIbTAT ee
HUCII0JIb30BAHUSA.

IIpodunmupyromas nadOpMaIys MOXKET OBITh BIIMCAHA B OOBEKT JJjist 0OJIee IMOJAPOOHOIO M3y YeHUs :

sage: f/prun -r A*A
sage: stats =
sage: stats?

Samerka: BBOJ stats = prun -r A\*A 0TOOpPa3UT CHHTAKCHYECKYIO ONMHUOKY, TAK KAK Pruml - 9TO KOMAaHJa
obosiouku IPython, a He obbrunas GyHKIMS.
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st rpadudeckoro orobpazkenusi mpodumupyforieit nndopmanuu, Bel MoxkeTe uCIOab30BaTh hotshot -
HeboJIBINOM cKpHUNT, Ha3BaHHBI hotshot2cachetree m mporpammy kcachegrind (TOJILKO B Unix). Tor xe
[IpuMep ¢ HUCIob3oBanueM hotshot:

sage: k,a = GF(2*x8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element() for _ in range(10%10)])
sage: import hotshot

sage: filename = "pythongrind.prof"

sage: prof = hotshot.Profile(filename, lineevents=1)

sage: prof.run("AxA")

<hotshot.Profile instance at 0x414cllec>

sage:

prof.close()

Pesynbrar 6yser nmomerren B daitn pythongrind. prof B Tekymieit paboueit qupexropun. s Busyanmmnsanun
sra nHpOpMaIs MOXKeT OBbITh TIepeBesieHa B (popmar cachegrind.

B cucremmuoit obosouke BBEANTE

hotshot2calltree -o cachegrind.out.42 pythongrind.prof

Beixommoit daitn cachegrind.out.42 Teneph MOXKeT OBITh TPOAHAJIM3UPOBAH C IOMOINBIO kcachegrind.
3amerbre, uT0 0bo3HavYeHne cachegrind.out.XX JI0/KHO OBITH CODJIIOJIEHO.
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[naBa 6

cnonb3sosanue SageTeX

Berpoennsrit B Sage naker SageTeX mo3Bossier BHEAPATH PE3YIbTATHI BEIYUCIeHMIT B foKyMeHT Tuma LaTeX.
st TOro, 9TOOBI MCIIOB30BATE JAHHBIN MAKET, TOHAI00UTC “‘YCTAHOBUTL €ro B JIOKAJLHYIO cucTtemy TeX
(moz “ycTaHOBKOI” TIOApasyMeBaeTcst Konuposanue onHoro daiina). CM. Yemanoska, a Takxke pasen “Make
SageTeX known to TeX” PykosoicTsa 110 ycTaHOBKe Sage (JaHHAas CChLIKA BEJET K JIOKAJIBHOMY Pa3MeIeHU0
KOIIMU PYKOBOJCTBA MO yCTAHOBKE).

B sTom ypoke mokazan mebosbInoi npumep ucmonb3oBanus SageTeX. Ilomunas mokyMmeHTaInsT HAXOIUTCS B
SAGE_R00T/local/share/texmf/tex/latex/sagetex, rige SAGE_ROOT - 3TO AuPEKTOPHs, B KOTOPOil ycTa-
HOBJIEH Sage. DTa HalKa COJEPKUT JOKYMEHTAINIO, (Dalyl ¢ IPUMEPOM U ToJIe3Hble cKpunThl Python.

Hust Hauamna paborel ¢ SageTeX ciesyiite yKazaHusM 10 YCTAHOBKe (B Yemano6ka) U BCTABBTE CJIE LY IOIIUsT
TeKCT B (ailyl Ha3BaHHBINA, CKaXkeM, st_example.tex:

IIpenynpexxaenne: Hukecaeayronmit TEKCT MOXKET COJEPKATH HECKOJBKO COODIeHn 06 ommnoKax,
CBSI3aHHBIX C HEU3BECTHBIMU YIIPABJIAIOIMINMHE ITOCJIEI0OBATETLHOCTSIME, €CJIM BBl HCIIOJIb3yeTe WHTEpaK-
TUBHYIO TOMOIIb. OTKpO#TE CTATUIECKYIO BEPCHUIO, YTOOBI YBUJIETH IPABUJIBHBIA TEKCT.

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are

$\sage{number_of _partitions(1269)}$ integer partitions of $1269%.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:
\begin{sageblock}

£(x) = exp(x) * sin(2*x)
\end{sageblock}
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The second derivative of $f$ is
\[
\frac{\mathrm{d}~{2}}{\mathrm{d}x~{2}} \sage{f(x)} =
\sage{diff (f, x, 2)(x)}.
\]
Here's a plot of $f$ from $-1$ to $1$:
\sageplot{plot(f, -1, 1)}

\end{document}

Samycrure LaTeX g st_example.tex. 3amernre, uro LaTeX Oymer KajioBaTbCsi HA HEKOTOPBIE BEIH,
KaK-TO:

Package sagetex Warning: Graphics file sage-plots-for-st _example.tex/plot-0.eps on page 1 does
not exist. Plot command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or plots. Run Sage on
st__example.sage, and then run LaTeX on st _example.tex again.

Cpenu daitnos, cremepupoBanubix mocie 3amycka LaTeX, ectb ¢ait st_example.sage, sBJAONUIiCS
ckpunToM Sage. CoobIrienne, MOKa3aHHOE BBIMIE, PEJIATAIO 3alyCTUTh st_example.sage, MOITOMY CTO-
UT TaK U cesnaTh. 3aTeM Oyzer npemoxkeno 3amyctutb LaTeX s st_example.tex erie pas; mepej STUM
Oyner cozgan daitin st_example.sout. DToT (aill COMEPKUT pe3yIbTATHI BEIYUC/IEHNT B Sage B dhopMmare,
ymoorom mist LaTeX. Hosas manka, comepxxkarmtas EPS-daitr ¢ rpadukom, Takke OyeT co3maHa aBTOMaTH-
qeckn. 3amycrure LaTeX erme pa3s: Bce, 9T0 OBLIO BHIYUCIEHO B Sage, Teleph BKIIIOYEHO B Barn mokyMeHT.

Ilepeuncaum maru:
e sanycrure LaTeX mys .tex daitia;
e 3amycruTe Sage i CTeHEePUPOBAHHOIO .sage aiia;
e zamycture LaTeX eme pas.

IlyskT ¢ 3amyckoM Sage MOYKHO TIPOMYCTUTD, €CJIM HUKAKUE M3MEHEHUs! He ObLIN IMPUMEHEHBI K KOMAaHIaM
Sage B JOKyMeHTE.

SageTeX mpemraraeT MHOrO BO3MOXKHOCTEH, 1 Tak Kak Sage u LaTeX sBJIsIOTCST MOITHBIMEU HHCTPYMEHTAMH,
To crout n3y4uuth SAGE_ROOT/local/share/texmf/tex/latex/sagetex.
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[naBa 7

[Mocnecnosue

7.1 Mouyemy Python?

7.1.1 MNpeumyuwectea Python

OcHoBHOIT 513bIK peasm3anuu Sage — 1o Python (cm. [Py/), onHako Ko, KOTOPBIi J0JzKeH 06pabaThlBaThCs
OBICTPO, HAIMCAH Ha KOMIIMIUPYeMOM s3bike. Y Python ecTh psij npenmymiecTs:

CoxpaneHue o0bEKTOB MUPOKO ucoib3yercs B Python. B Python mpucyrcryer mognepxka co-
XpaHeHust (IIOYTH) JIIOOBIX 0ObEKTOB Ha JIICK WJIH B 6a3y JaHHBIX.

SamedaresbHas TOJJEPKKA JOKYMEHTAIMU (QYHKIWNA U MTAKETOB B MCXOTHOM KOJE, BKJIIOUYAsT aB-
TOMaTUYECKHUIl JOCTYII K JOKYMEHTAIMH U aBTOMATHYECKOEe TECTUPOBAHME BceX NpuMepoB. lIpumepsr
MIPOBEPSIFOTCS aBTOMATUYIECKH Ha PEryJIsipHON OCHOBE U WX IPAaBUJIbHAs pabOTOCIIOCOOHOCTH rapaHTU-
poBaHa.

Yupasisienne namaTtbio: Python mveer npomymanubIil M CcTAOUIBHBIN MeHEIKEp MaMsITH U COOp-
IIIIK MYCOPa, KOTOPbIE MCIPABHO PAbOTAIOT C IMUKJINIECKUMU CCHIIKAME M TO3BOJISIIOT MCIOJIb30BATH
JIOKaJIbHBIE IIepEMEHHbIE B (haiiyiax.

Python nmeer MHO>k€CTBO TAaKETOB, JOCTYITHBIX y2Ke ceifdac, KOTOPbIe MOI'YT ObITh HHTEPECHBI TI0JTb-
30BaTENISIM Sage: YMCJICHHBIN aHaau3 u juHelinas ajarebpa, 2D u 3D Busyanuzanus, cersb (11 pacupe-
JIeJIEHHBIX BBIUUCJIEHUIT U CEPBEPOB, HAIIPUMED € HOMOIIbIO twisted), nomaepkka 6a3 JaHHBIX U T.1I.

ITopTupyemocTts: Python ¢ jerkocTbio KoMmuanpyercss Ha OOJIBIMMHCTBE TIATHOPM B CIUTAHHBIE
MUHYTBI.

Pabora ¢ nckmaouenusimu: Python comep:KuT CI0KHBIA U IPOIYyMAHHBI MeXaHU3M PadOTHI C WC-
KJTIOYEHUSIME, OJ1aromaps IeMy IIPOrpaMMbl IIPOJIOJIZKAIOT PaboTaTh JasKe TPU BOSHUKHOBEHUH OITHOOK
B BBI3BIBAEMOM UMM KOJIE.

Omnagumk: Python Bkitouaer B cebst OTJIaINK, TaAK YTO KOTJA IIPOrpaMMa He paboTaeT 1o KaKou-To
[IpUYMHE, [T0JIb30BATEb MOXKET IOJIYUYATh JOCTYII K MCTOPUU CTEKA, IIPOBEPUTH COCTOSTHIE HEOOXOIu-
MBIX II€PEMEHHBIX, IIEPEMEIIATHCS 10 CTEKY.
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e IIpodunupoBmiuk: cymecrsyer npoduaupoBiuk Python, KoTopslit 3ammyckaeT KO U CO3/IaeT OTYET

IO KOJIMYECTBY BBISOBOB U BpEMEHU pa6OTbI Ka}KILOIU/I beHKU,I/II/I

e fs3pik: Bmecto TOTrO, 4TOOBI IINCATH HOBBIA SA3BIK JJId MaTeMaTHKH, KaK 39TO OBLIO caeJaaHO JJId

Magma, Maple, Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, u r.x1., Mbl uCHO/IB3yeM
s136IK Python, KOTOPBII SIBJISIETCST TOMYJISIPHBIM SI3BIKOM IIPOTPAMMUPOBAHNST; OH AKTUBHO PA3BUBAETCS
U ONTUMHU3UPYETCsI COTHSIMU OIIBITHBIX CHEIUAINCTOB 110 IIPOrpaMMHOMY obecrieuenuto (cm. [PyDev]).

7.1.2 TMpe-napcep: Pa3znununsa mexay Sage n Python

B mekoropsix Mmaremarmueckux acrekrax Python moxker BBecTu B 3a0/1y2KeHue, IOITOMY Sage Bemer cedst
HEMHOTO JIPYTUM 00pPa30M.

e O6Go3HavUeHUEe BO3BeJ/IeHUsI B CTeleHb: ** BMecTo ~. B Python, ~ ozmagaer “‘nckimodnresbHO min

(xor)”, a He BO3BeJIEHME B CTeleHb, Tak B Python:

>>> 278
10

>>> 372
1

>>> 3%%2
9

Ucrosib30Banne ~ MOXKET IMOKA3aThCsI CTPAHHBIM; 9TO HE TAK BAXKHO JIJIsI MATEMATUICCKUX UCCIIEI0BA~
HU, TOTOMY KakK “HCKJIIOYNTEJIFHO WU’ HCIOJIB3YeTCsI JIOBOJIBHO peiko. st yaobcTBa, Sage MCIIOJIb-
3yeT IIpe-miapcep JIs IIPOBEPKU KOJ@ TIepeJ TeM, Kak OH mepegaercs B Python, u cumson ~ (ecom on
HE HAXOIUTCS B CTPOKE) 3aMEHACT Ha, *%*:

sage: 278
256

sage: 372
9

sage: "372"
13~91

o Jlesienue teabrx ymcedi: Boipaxkenne 2/3 B Python ozmagaer He TO, 1ero oxujgaer MaremMaTuk. B

Python 2, eciiu m u n - nmesible ymcia, To m/n TakXKe IeJI0€ YUCJIO, eC/ii ObITh TOYHEe, TO Iejiasi 9acTh
ot mesenns m Ha n. CremoBarensuo 2/3=0. B coobmecrse Python obcy:xmaercs BapuanT n3MeHeHUs
oreparopa Tak, YTo0bI 2/3 BO3BPAIAJIO YUCJIO C ILIABAIOINIel TOUKoi 0.6666. . ., a 2//3 Bo3BpaImaIo
0.

B uHreplipeTraTope Sage MbI HCIIOJIb3YyEM obo3HaUYeHIE Integer( ) u JeJIeHne HCIIOJIb3YyeM KaK KOH-
CTPYKTOD [JId PallUOHAJIbHBIX YUCEJI. HaIIpI/IMepZ

sage: 2/3

2/3

sage: (2/3).parent()
Rational Field

sage: 2//3

0

sage: int(2)/int(3) # optional - pythonl2
0

Boabmme neapie yncia: Python nvmeer BCTpoeHHYIO TIOMIEPKKY METBIX 9UCET ITPOU3BOIBHON TOU-
noctu B gomnosinerre K C-int’am. OHu HaMHOTO MejIeHHee, YeM TO, 4To npegocrasisier GMP, a rakxke
NMeEIOT CBOMICTBO: CUMBOJI L B KOHIIE, LITO6I)I OTJINYATh UX OT II€EPEMEHHbIX TUIIa mt (I/I 9TO HE UBSMEHUTCHA
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B GunzkaiimeM GymynieM). Sage HCIOJIb3YeT LeJible YUCIa IPOU3BOJILHON TOYHOCTH ¢ nomMoibio GMP
C-6ubmoTeKkn, 1 OHU BBIBOISTCS Ha 9KpaH 6e3 L.

Bwmecro usmenenust unrepnperaropa Python (Kak mocTynuim HeKOTOPBIE JIOAU J1Jisl BHY TPEHHUX [IPOEKTOB),
MbI ucnoab3dyeMm Python kak ects, n mpumensiem npe-mapcep fyis IPython tak 4To0b1 moBenerne KOMAaHTHON
crpoku [Python coorBeTcTBOBAIIO OXKUJIAHUSIM MATEMATHKOB. DTO O3HAYAET, UTO JIIOOOI CyIIECTBYONUI KO
Ha Python moxker 6biTh ucnosib3oBan B Sage. OmHaAKO, HY»KHO NPUIEPKUBATHCS cTaHuapTa Python mpu
HAIMCAHUU IAKETOB, KOTOpPbIE Oy/IyT UMIIOPTUPOBAHBI B Sage.

(Y106l ycranosuth maker Python, KoTopblil, cKazkeM, Bbl HAIIIM B MHTEPHETE, CJeLyidTe HHCTPYKIUU, HO
3amyckaiite sage -python BmecTo python. OdueHb JaCTO 9TO O3HAYAET, UITO HY?KHO BBECTH sage -python
setup.py install.)

7.2 Kak npuHAaTb yyacTue B pa3pabotke Sage?

Eciu BBl x0THTE TIOMOYBL B pa3paboTke Sage, 370 OyeT orneHeHo 1o gocrouHcTBy! TloMons MoKeT BapbUpo-
BAThCsI OT BHECEHUST M3MEHEHUI B KO 10 JOMOJHEHUs CIIPABOIHON MH(MOPMAITIN U HAXOXKICHUS OAroB.

Iounmure nrdopmanuio aist pa3pabOTINKOB HA IIABHON CTPAHHIE Sage; KPOME BCETO IIPOUEro, Bbl MOXKeTe
HalfTH CIIMCOK IIPOEKTOB, CBSI3aHHBIX C Sage, OTCOPTHUPOBAHHBIX II0 IPHOPUTETY U KATEropuu. PyKoBo/icTBO
paspoboTynKka Sage COAEPKUT [TOJIE3HYI0 HHQPOPMAIINIO; BB TAKKe MOXKeTe y3HaTh Oosbiie B Google-rpye
sage-devel.

7.3 Kak npaBunbHO ccbiniaTtbcsa Ha Sage?

Eciu BeI uctiosb3yere Sage st Hamcanus pabOThI, MOKAIYHCTa, YKAKUTe, 9TO BBIYACIEHUsT ObLIA TTPOU3-
BEJIEHBI C TTOMOIBIO Sage. BrirounTe

[Sage] William A. Stein et al., Sage Mathematics Software (Version 4.3).
The Sage Development Team, 2009, http://www.sagemath.org.

B pazzen bubnuorpaduu (3amenss 4.3 Bepcueit Sage, KOTOPYIO BbI UCHOIb3yeTe). Kpome Toro, moxaiyiicra,
nocrapaiiTech OTC/IEUTD, KaKie KOMIOHEHTBI Sage ObLTN UCIIOIb30BAHbI Jjisd Beraucienuii, nanpumep PARI?,
GAP?, Singular? Maxima?, u ykaykKuTe 3TH CHCTEMbl. KCIM BbI COMHEBAETECH O TOM, KaKOe IPOrPaMMHOE
obecrieyenne UCIOIb3yeTcs sl BRIYUCIeHni, 3a1aiire Bonpoc B Google-rpymre sage-devel. Cm. [loauromol
00101 nepemennoti It TaTbHeRIero o0CyKIeHnsT ITON TeMBbI.

Ecnu BBl pounTa m 3T0 pyKOBOJCTBO OT HadYaja J0 KOHIA, I y BaC €CTh COODparkeHus 110 II0BO/LY BPEMEHH,
3aTpaveHHOro Ha HEro, MoXkaJsyiicra, BbIcKaxKuTe cBoe MHeHne B Google-rpytie sage-devel.

Hacnaxnaiirecs Sage!
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HononHexne

8.1 lMpuoputetr GuHapHbIX apndMeTUHECKUX onepaTopos

Yro takoe 372*4 + 24,57 3uavenne (38) omnpeseseHo no sToi “rabamie npropureTa oneparopos”. Tabmuna
HUXKe OCHOBaHa Ha Tabsmie u3 § 5.14 kauru Python Language Reference Manual, G. Rossum and F. Drake.
OrmepaTopbl PACIIOJIOXKEHBI B TIOPSIIKE BO3PACTAHUsT CTAPIITHHCTBA.

Operators Description

or boolean or

and boolean and

not boolean not

in, not in membership

is, is not identity test

>, <=, >, >=, ==, |= | comparison

+, - addition, subtraction

* /% multiplication, division, remainder
e exponentiation

CirenoBare/ibHO, 9TOOBI HOCUUTATh 372%4 + 215, Sage paccrapiser ckoOku Tak: ((372)*4) + (2%5). Cua-
qaJia CInTaeTcss 372, To ecTh 9, 3aTeM cuuTaoTcst (372)*4 u 29,5, 1 HAKOHEI[ OHU CKJIAIbIBAIOTCSI.
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Bubnunorpadus
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[Cyt] Cython, http://www.cython.org.
[Dive] Dive into Python, Freely available online at http://www.diveintopython.net /.

[GAP] The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4; 2005, http://www.

gap-system.org
[GAPkg] GAP Packages, http://www.gap-system.org/Packages/packages.html
[GP] PARI/GP http://pari.math.u-bordeaux.fr/.
[Ip] The IPython shell http://ipython.scipy.org.
[Jmol|] Jmol: an open-source Java viewer for chemical structures in 3D http://www.jmol.org/.
[Mag] Magma http://magma.maths.usyd.edu.au/magma/.
[Max] Maxima http://maxima.sf.net/
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Wesley, 2004.
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[PyT] The Python Tutorial http://www.python.org/.
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